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1. PRELIMINARIES
1.1. Extension Fields.

Definition. Let E, F be fields. If F' is a subfield of F, i.e. F' C E and F is closed under the
operations, then we call E an extension of F. We will (maybe poorly) denote E being an extension
of F by E C F. We will also sometimes write E//F' for E being an extension of F'.

We remark that if E/F is an arbitrary extension, we can view E as a vector space over F. The
action will simply be multiplication; i.e. if x € E, r € F, then r - 2 = rz (the usual multiplication
as a field). The other axioms for a vector space follow just as easily. As a result, we’ll sometimes
ambiguously write E/F for a field extension and as a way of denoting the vector space E over F.

Definition. Let E/F be a field extension. We define the degree of the extension, denoted by
(E : F), to be the dimension of E as a vector space over F. That is,

(E: F)=dimp(F)
is the degree of E over F.
There is a multiplicativity that comes with degrees of field extensions.

Theorem 1. Let FF C E C K be fields. Then (K : F) is finite iff (K : E) and (E : F) are finite,
and moreover we have that

(K:F)=(K:E)(E:F).

Proof. ( = ): Assume first that (K : F') is finite. Furthermore, since £ C K, we can view E/F
as a subspace of K/F. Consequently, (E: F) < (K : F) < o0, so (E : F) is finite.

Next, we wish to show that (K : E) is finite as well. Let {a1,...,a,} be a basis for K/F. Then
every element 5 € K can be written as

n
B=2 ao,
j=1

where a; € F. Notice that, in particular, the o; € E as well, so we have that {oq,...,a,} span
K/FE as well. Consequently, we get that (K : E) < (K : F) < oco. So they’re both finite.

(<= ) : Assume (K : E) and (FE : F) are both finite. Let {a1,...,a,} be a basis for E/F,
{B1,...,Pm} be a basis for K/E. We wish to show that we can use these to find a finite basis for
K/F. Let § € K be arbitrary, then we have

B=> a;B,
j=1

where a; € E. Notice that for each j, we have

n
aj = bija,
=1

where b; ; € F. Hence, substituting this in, we have

m n
B=2_D bijoib;.
j=1i=1
i=n,j=m

In other words, we have {a;3;},—;j—;" form a spanning set for K/F, giving us that (K : F) < oo

as well.
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Finally, we need to show the moreover clause. Suggestively, we should check that {«;0; }zz?j:{"

form a basis for K/F. If we have this, then (K : F) = (K : E)(E : F), as desired. Since it’s a
spanning set apriori, it suffices to show that it’s linearly independent. Assume that

Z Z biyjazﬂj =0.

j=1i=1

Notice that, since the 3; are a basis, this implies that for each j,

n
E b; jo; =0,
i=1

and since the o; form a basis, we get that for each i b; ; = 0. Hence, for every (4,j), we have
b; ; = 0, and so we must have that the set is linearly independent. That is, it’s a basis. ]

Corollary 1. If F C Fy} C --- C F,, is a chain of extensions of fields, then
(Fp:F)=(F,:Fy_1) - (F1: F).

Proof. This is a simple induction exercise. We’ve shown it for the case n = 2 in the prior theorem.
Assume it holds for n — 1. Then for the case of n, we have

(Fy: F)=(Fp:Fo1)(Fp-1: F)
by the n = 2 case. Applying the induction hypothesis gives the result. O

We introduce some more notation. Let E/F be an extension of fields, S C F a subset of the
elements of E. Then we denote by F[S] the subring of E generated by F and S and F(S) the
subfield generated by F' and S [Parentheses will, in general, have a connotation of inverses].

Let S = {ai,...,a,} befinite. Consider the map ¢ : F[zy,...,z,] — E, where p(p(x1,...,2,)) =
p(ai,...,ap); that is, ¢ is the evaluation map. Notice, then, that F[S| = @(F[z1,...,Z));
ie. F[S] = Im(yp). This gives us a more concrete way of viewing this subring. Analogously, if
¢ : F(r1,...,2,) = E is also given by evaluation, then we can view F(S) = Im(¢).

1.2. (Optional) Polynomials. While a little silly, we’ll diverge from the notes [3] to recall some
facts on polynomials. This will hopefully make the next section a little easier to digest. This is
Artin II B. [2].

Recall that an expression of the form a,z™ 4 - -- 4+ ap = p(x) is a polynomial of degree n as long
as the a; € F, a field, and a,, # 0. Addition of polynomials is done in the obvious fashion; if n < m,

then
n m m
Z a;x’ + Z bixt = Z(ai + b;)x’,
i=0 i=0 k=0
where if i > n then we set a; = 0. Multiplication is done via a convolution fashion; that is,

n m
g a; " E bja’ | = E cpx®,
i=0 §=0 k=0

where
Z aibj = Ck.
i+j=k
Let deg : F[z] = Z>pU{—00} be the function which evaluates the degree of a polynomial. Notice

that deg(p(z) + ¢(z)) < max{deg(p(z)), deg(q(x))}, and deg(p(x)q(x)) = deg(p(z)) + deg(q(x)),
and we assign to 0 the degree —oco (hence why we added it on).
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Recall that a polynomial is reducible in F' if it is equal to the product of two polynomials in F',
each of degree at least one. Polynomials which are not reducible are said to be irreducible.

If p(x) = q(z)h(x), then we say that ¢(z) divides p(z) and that ¢(z) is a factor of p(x). By the
observation of degree above, we have deg(q(x)) < deg(p(x)) if it is a factor of p(x). Note as well
we can always represent polynomials as a product of finitely many irreducible polynomials.

Recall as well we have the division algorithm for polynomials; for any two polynomials p(x) and
q(z), there exists a g(z) and an r(x) so that

p(z) = g(x)q(x) + r(z),
and such that deg(r(z)) < deg(g(x)). We have that r(x) is referred to as the remainder. A
consequence of this over fields is that if a € F is so that p(a) = 0, then p(z) = (z — a)g(z)
for some g(z). First, notice that the division algorithm tells us that p(xz) = (z — a)g(x) + r(x).
Viewing g(x) as the divisor, notice that this forces the remainder to have degree strictly less than
1; i.e., it must be a constant. So we have p(z) = (x — a)g(x) + r. Substituting in a, we have
0 = p(a) = (a —a)g(a) +r = r. Sor = 0, and therefore p(x) = (z — a)g(x). Note that a
consequence of this is that a polynomial cannot have more roots in the field than its degree.
The following lemma tells us the uniqueness of irreducible polynomials up to constants.

Lemma 1. If p(z) is an irreducible polynomial of degree n in F', then there do not exist two
polynomials each of degree less than n in F' whose product is divisible by p(z).

Proof. We proceed by contradiction. Assume h(x),q(x) are such that p(z) | h(z)q(x),

max{deg(q(x)), deg(h(x))} < deg(p(x)) = n.
Among all pairs h(x) and g(x), let h(x) be the one with minimal degree. Since p(z) | h(x)q(x), we
have a polynomial k(x) so that
ple)(z) = hlw)a(a)
We now apply the division algorithm; we have
p(z) = d(x)h(x) 4 r(z),

where deg(r(x)) < deg(h(x)). Since p(x) is irreducible, we get as well that r(z) # 0. The goal,
then, is to show that r(x) is paired with a polynomial so that f(z) divides their product; in doing

so, we will have a contradiction, since h(z) was assumed to have the smallest degree.
Multiplying by ¢(z), we have

q(z)p(x) = q(z)d(z)h(z) + q(x)r(z) = k(x)p(x)d(x) + q(z)r(z).
Subtracting, we get then that

q(z)r(z) = p(x)q(z) — k(z)p(z)d(z) = p(z) [¢(z) — k(z)d(z)] .
In other words, p(z) | r(z)q(x), but deg(r(z)) < deg(h(z)), which gives a contradiction. O

1.3. Algebraic Elements.

Definition. If E/F is an extension of fields, a € E, then we say that « is algebraic if it is the root
of a non-zero polynomial p(z) € F|x]. In other words, « is algebraic if there exists p(z) € F|x],

p(x) # 0, where p(a) = 0.

Consider now the map ¢, : F[z] — E where ¢, (p(z)) = p(«); that is, the evaluation map. If

a € F is algebraic, then we see that there exists a polynomial p(x) where ¢, (p(z)) = p(a) = 0.

Thus, the map ¢, has non-zero kernel iff « is algebraic. Recall that the kernel, Ker(y,) = K C F[z],

forms an ideal. Recall as well that if F' is afield, then the ring F[z] is a principle ideal domain, so

we have K = (pq(x)) for some polynomial p,(x) € Flz]. Note that we can make p,(z) monic (by

dividing out the leading coefficient, since we’re in a field) and we have p,(x) is irreducible (we get
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a contradiction otherwise by the division algorithm). We call p,(x) the minimal polynomial. We
formalize the last paragraph in the next definition.

Definition. If E/F is a field extension, the minimal polynomial for « € E in F|x] is the monic
polynomial which generates the kernel of ¢, : F[z] — E defined by ¢, (p(x)) = p(«).

Note that the minimal polynomial is the polynomial of f(z) of least degree so that f(«) = 0.
This is a consequence of the fact that the p,(z) generates the kernel of the map ¢,; if f(z) is a
polynomial of degree smaller, then p, would divide it, giving us a contradiction.

Minimal polynomials are useful for looking at field extensions.

Theorem 2. Let E/F be an extension of fields. Then o € E is algebraic over F' if and only if
(F(a) : F) < 0.

Proof. (=) : Assume « is algebraic, and let
Palr) = 2" 4+ ap_ 12" 4 -4 ag € Flz]

be its minimal polynomial. Note that we have Fla] = F[z|/(pa(x)), and since p,(x) is irreducible,
we get Fla] = F(a). The goal, then, is to find a basis for F'(«) over F. Note that for all g(z) € F[x],
the division algorithm gives us that

9(x) = q(z)pa(z) + r(z),
where deg(r(z)) < deg(pa(x)) =: n. Evaluating g(a) = ¢ (g(x)), then, we have

g9(a) = q(@)pala) + r(a) = r(a).
That is,

gla) =an_1a" P+ 4 aja + ag.
Thus, the set {1,«,...,a" 1} form a spanning set for F(a). We check now that this forms a basis.
Assume now that we have

ap+ - +ap_1a" 1 =0,

then this implies that we can form a polynomial

flx)=as+arx+---+ Ap1x™ 1
where ¢, (f(x)) = f(a) = 0. This is a contradiction if there is an a; # 0 for some 4, since we have
that ps(x) is the minimal polynomial and this would give us a polynomial of degree smaller.
( <= ): We prove this by contrapositive. Assume that « is not algebraic. Then there is no
polynomial p(z) € F[z] so that p(a) = 0. Recall that an infinite set of elements is linearly
independent if every finite subset of it is linearly independent. Examining the set {a'};>0, we see
that every finite subset must be linearly independent, since otherwise we would have a polynomial
which evaluates to 0 at a, contradicting the fact that « is not algebraic. Thus, this forms an infinite
linearly independent set, and so (F'(«) : F') = oc. O

Notice that in the proof of the prior theorem, we’ve established the following result.
Corollary 2. If « € F is algebraic over F', then we have that
(F() : F) = deg(p1(z)).

Proof. In the prior proof, we had that if « is algebraic, then {1,...,a" !} forms a basis for F(a)
over F', where n = deg(pi(x)). This gives the desired result. O

Definition. If E/F is a field extension, an element o € E is called transcendental if it is not
algebraic. In other words, there does not exist a p(x) € Fx] so that p(a) = 0.
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The goal now is to flip this last theorem. That is, we wish to take p(z) € F[z]| and find a field
extension E/F where p(z) has a root in E. We can do this by a theorem from Kronecker.

Theorem 3 (Kronecker). If p(z) € F[x] is a polynomial of degree greater than or equal to 1, then
there exists an extension F/F in which p(z) has a root.

Proof. Like before, we assume p(x) is monic; we can do so by dividing out by the leading coefficient.
Applying the division algorithm a finite number of times, we can write

p(x) = pi(z) - pr(a),

where p;(z) is monic and irreducible in F[z]. It suffices, then, to construct an extension E/F in
which p;(x) has a root (we can do this same process for all p;(z), 1 < i < k). We remark that
this is easy if pi(x) = = — a; that is, if p;(x) has degree 1. In this case, a is the root, so our field
extension is just F itself.

Assume now that deg(p;(z)) > 2. As suggested in the proof of the last theorem, let’s try
examining £ = Flz]/(p1(z)). Recall that irreducible elements form maximal ideals, so (pi(z)) is
maximal, and hence E is a field. Note as well that F' C E, so E constitutes a field extension. It

suffices to then show that E contains a root for p;(x).
Let

a=xz+ (pi(z)) € E.

Then we see that F = F(a) = F[z]/(p1(z)), and we observe that pi(a) = 0. Thus, we have that
E/F is an extension which contains a root of p;(z), and hence a root of p(z). O

We remark that, using Corollary [2| we have that the extension constructed in Theorem [3| is
such that

(E : F) = deg(p1(x)) < deg(p()).
A consequence of Kronecker is the following theorem.
Theorem 4. Let 0 : F — F’ be an isomorphism of fields. Let p(x) € Fl[z] be irreducible,

P (z) = o(p(x)) € F'[z]. Then if E = F(8), where p(8) = 0, and if E' = F'(f’), where p'(8") = 0,
then o can be extended to an isomorphism o : £ — E’.

Proof. We first remark the following lemma.

Lemma 2. If p(z) € F[z] is irreducible, o : F — F’ is an isomorphism of fields, then o(p(z)) =
p/(x) is also irreducible, where o : F[z] — F'[z] is a ring isomorphism defined by o(x) = = and
extending it linearly.

Proof. Assume for contradiction p’(xz) were not irreducible. Then there exists ¢(z), h(xz) with
degrees greater than or equal to 1 such that p’(x) = ¢(x)h(z). That is, we have

p(z) = Zajxj (Z bjxj> .
=0 i=0

Applying o1, we get

o @) =pla) = o | | D aja! (ijxf) = (Yo g (Za-1<bj>xj>.
7=0 =0 7=0 =0

This, however, contradicts the fact that p(xz) was irreducible. Hence, we must have p’(z) is also

irreducible. 0
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From the proof of Kronecker (Theorem , we remark that we have an isomorphism

0: F(B) = Flz]/(p(x)),
defined by 8+ = + (p(z)). Using the idea in Lemma [2| we get an isomorphism

o : Fla]/(p(z)) = F'[z]/(p(x)).

Finally, we note that we have an isomorphism
0 Fllz] /(0 (2) — F'(8)

defined by = + (p'(x)) — [’. Combining these together, we can extend o to F(3) — F'(f') by
following 6'~'o6. O

1.4. Splitting Fields.

Definition. Let F' be a field, p(x) € F[z] monic. An extension E/F is called a splitting field of
p(x) over F if two conditions are satisfied:

(1) p(z) = (x —a1) -+ (x — ay,) in E[z] (the polynomial splits),

(2) E = F(a,...,a,) (it is the minimal extension for which the polynomial splits).

There is one nice observation we can make on splitting fields.
Lemma 3. If E is the splitting field for a field F, then (E : F) < oo.

Proof. We observed earlier that the number of roots of a polynomial cannot exceed the degree.
Let p(z) be a polynomial of degree n. By Kronecker, we can find a field extension F'(ay)/F where
p(a1) = 0. Repeatedly applying it, we have E = F(ai,...,an)/F(a1,...,an—1)/.../F, and
furthermore we see that (F(a1,...,a;): F(o,...,aj-1)) < oo for all 1 < j <n. By Theorem
we have

(E:F) = H(F(al,...,aj) D Faa, ..., q-1)) < oo.

7j=1
]

Naturally, we need to explore whether or not splitting fields exist for individual polynomials.
The answer is yes.

Theorem 5. If p(z) € F[z| is a monic polynomial with deg(p) > 1, then there exists a splitting
field E of p(x).

Proof. Factor the polynomial into irreducible factors; that is, we have p(x) = pi(x) - - - py(x), with
pi(x) € F[z] irreducible for 1 < ¢ < r. Note that r < n = deg(p(z)). We do induction on n — r.
First, if n — r = 0, then this means that the p;(z) are all linear factors, and so p(x) splits already
in Flx]. Hence, a splitting field exists. If n —r > 0, then p;(x) has degree bigger than 1 for
some i. Assume without loss of generality that ¢ = 1 (this is just for notational convenience). By
Kronecker, we construct K = F(a), where p1(ag) = 0. Notice that p(z) € F[z] C K[z], and note
that in K|z|, we have p;(x) = (z — a1)g1(z). Thus, factoring p(z) in K[x], we see that the number
of irreducible factors must strictly increase. If we have k irreducible factors in K|[z|, then we note
that k > r (strictly), and hence n — k < n — r. Applying the induction hypothesis, we can find a
splitting field E/K, where
p(z)=(r—oa1) - (z — ap) in Elz].
Thus, adjoining «a;, we have £ = K(ag,...,an) = F(ai)(ag,...,a,) = F(ag,...,a), so E is a
splitting field of p over F'. ([l
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1.5. Uniqueness of Splitting Fields. Now that we have a splitting field for our polynomial,
the next question to ask is whether it is unique (up to isomorphism, of course; we could just
rearrange variables to keep getting other splitting fields). A preliminary theorem will be extending
isomorphisms of fields to isomorphisms of splitting fields.

Theorem 6. Let o : FF — F’ be an isomorphism of fields. Let p(x) € F[z] and p/'(z) = o(p(z)) €
F'[z]. Let E/F be a splitting field of p(x) over F', E'/F’ a splitting field of p’(x) over F’. Then o
can be extended to an isomorphism o;: E — E'.

Note that as a corollary, we have the following.
Corollary 3. If p(x) € F[x], then any two splitting fields of p(x) are isomorphic.

Proof. Take o : F' — F to be the identity and apply the theorem. ]
We now prove the theorem.

Proof. Let E be a splitting field of p(z) over F. If f(z) € F|x] is an irreducible factor of p(z), then
E contains a root of f(x). We then prove this based on the number of roots of p(z) which do not
lie in F'. First, if all of the roots of p(z) lie in F, so

p(r) = (z —a1)---(r — an)
in F[z], then
pl(a) = (z—a)) - (z—a)
in F'[z], where o/, = o(cy) € F’. In this case, o’ is just o, and we're done.

Now, we induct on the number of roots which do not lie in F. Suppose k > 1. Factor p(z) into
it’s irreducible factors, i.e. we examine

p(x) = fi(@) - fm(2)

in F[z], where each f;(z) is irreducible. Notice that there must be some f;(z) so that deg(f;(z)) > 1,
since otherwise p(z) splits. Assume for simplicity this is fi(z). Hence, deg(f1(z)) > 1. Applying
o, we get

p(x) = fi(z) - fu(x)

in F'[z] is the decomposition of p/(x) = o(p(z)) into irreducibles in F'[z], where we have f/(z) =
o(fi(x).

By Theorem |4 we have that if « is a root of fi(z) in E and < is a root of f{(z) in E’,
then o extends to an isomorphism, say o1 : F(a) — F'(a/). Now, note we have F C F(«a) C E,
F' C F'(a/) C F’, so we have that E is a splitting field of p(x) over F(«) and E’ is a splitting field
of p'(x) over F'(a’). We've now reduced the number of roots, so we can hit it with the induction
hypothesis to extend o7 to an isomorphism ¢’ : E — E’ over o1 : F(a) — F'(d/), and o7 extends
o, so o’ extends o. Thus, we have the desired result. ]

1.6. Group Characters. Let G be a group written multiplicatively. The goal is to take G = E*
to be the multiplicative group of a field.

Definition. Let F' be a field. A homomorphism
c:G—F

is called a character of G in F'.



As an aside, this is a 1-dimensional representation of G with image not necessarily in C, but
rather in the field F'. Since elements in G have inverses, we note that the image of ¢ must lie in
F*; otherwise, if o(a) = 0 for some a, we get o(z) = 0 for all z € G. To see this, we apply a~! to
get

o(1) = o(aa™) = o(a)o(a™ ) =0,
so for all z € G we have
o(z) =0(xl) =o(x)o(l) =0.
In practice, we will consider the embeddings o; : E < E’ restricted to E*.

Definition. If 01,...,0, : G — F are characters in F', they are called independent (over F) if any
relation

ajo1(z) + -+ apop(x) =0V € G
with coefficients a1, ...,a, € F is trivial; i.e.,

ajo1(x) + -+ apop(z) =0V € G

implies a1 = --- =a, =0.

One should note this is similar to linear independence for a vector space.
It turns out we have a powerful result telling us that characters are independent, so long as they
are distinct.

Theorem 7 (Dedekind’s Independence of Characters). If G is a group and o1, . .., o, are n distinct
characters of G with values in a field F', then oy, ..., 0, are independent over F.

Proof. As usual, we induct. For the case n = 1, the result should follow. If we have the relation
ajo(z) = 0 for all z € G, then choosing the identity, we have a10(1) = a; = 0 [Note: This follows
by our earlier remark since o : G — F* is a group homomorphism.]

It turns out the case n = 2 will be of most use to us. Suppose that we have the non-trivial
relation

alal(m) + (1202(13) =0

for all x € GG. Notice that we may assume a1, as # 0, since otherwise this reduces to the n = 1 case,
and we have a contradiction immediately. By assumption, o1 and oy are distinct, so o1(a) # o2(a)
for some a € G. Dividing out by, say, as, we have

(1) %al(x) +o3(z) =0 Vz € G.
2
Substitute in ax, where x € G is arbitrary. Then we have
a
a—;al(a)al(x) + o9(a)oa(x) = 0.
Divide out by o3(a) to get
a101 (a)
(2)
asos(a)
for all z € G. Subtracting equation (2) from equation (1), we are left with
[al <1 - Ul(a))} oi1(x) =0Vzx € G.
as oa(a)
However, by assumption, a1, ag,o1(a),02(a) # 0, and 1 —o1(a)/o2(a) # 0, so we have a non-trivial
relation, contradicting our n = 1 case.

The case n > 2 follows similarly. Assume the result holds for n — 1. Assume as well that we have
a non-trivial relation

o1(x) +o2(x) =0

aro1(z) + -+ apop(z) =0Vr € G.
9



Like before, we may assume a; # 0 for all 1 <14 < n, since otherwise this reduces to the n — 1 case,
and we immediately get a contradiction. Dividing out by a,, and letting b; = a;/a, for 1 <i <n-—1,
we have

(3) bioi(x)+ -+ op(x) =0Vr €G.
Like in the n = 2 case, we use the fact that these are distinct. Notice that there exists an a € G so
that o1(a) # op(a). Substituting az into the equation, we get
bioi(a)oi(x) + -+ op(a)o,(z) =0V € G.

Dividing out by o,(x), we are left with

o1(a)
(4) by (@)
Substracting equation (4) from (3), we have

by (1 - "1<“)> o1(z) 4+ by s (1 - ““‘1(“)> on_1(z) = 0.

Un<a) Un(a)

o1(z)+--+on(z) =0V €G.

We note that

by (1 - "1(“)) £0,
on(a)
so we have a non-trivial relation among the o1,...,0,_1, contradicting the induction hypothesis.
Thus, it holds for all n. 0
Corollary 4. If £ and E’ are two fields and
Oly...,0n: E—FE
are distinct field embeddings, then o1, ..., 0, are independent over E’, i.e.,

ajor(z) + -+ alon(x) #0
for a},...,al, € E', not all 0, and all x € E*.

Proof. Take G = E*. Then oy,...,0, are all E’ valued characters of G, and hence independent
over F'. O

1.7. Fixed Fields.

Definition. Let oq,...,0, : E — E’ be distinct embeddings of fields. An element o € FE is called
a fixed point of the o; if we have
oi1(a) = =op(a).

The idea behind fixed points is that if the o; are automorphisms and o; is the identity, then
o1(x) = x and we have o;(x) = = for 1 < i < n. That is, this is an honest fixed point of the set of
automorphisms.

Lemma 4. Let 0y,...,0, : E < E’ be distinct field embeddings. Let F' be the set of fixed points
of o1,...,0p,. Then F is a subfield of E.

Remark. We call F the fixed field of o1, ..., 0.

Proof. First, since these are automorphisms, we see that ¢;(0) = 0 0;(1) = 1 for 1 <14 < n. Thus,
0,1 € F. It suffices to show pairwise equality, so let’s compare o; to o;. Then if a,b € F', we see
that
ai(a — b) = ai(a) - O’z(b) = Ul(a) — 0'1(1)) = 01((1 — b),
SO
oi(la—0b)=---=op(a—0),
10



and so a — b € F. Thus, (F,+,0) C (E,+,0) is a subgroup. Next, consider a,b # 0. Then we see
that
0@(@[)71) = O'Z'(G,)Ui(b)fl = O'1<a)0'1(b)71 = Ul(abfl),
and so we have
oi(ab™) = =0, (ab7}),
so (F*,-,1) C (E*,-,1) is a subgroup (recall that for a field F, F* is the collection of elements

which are non-zero; in general, F* is the collection of units for F'). Since (F,+,0) is a group,
(F*,-,1) is a group, we get that F is a field. O

Remark. Notice that if there is a single o1, we trivially that F' = E, since o1(z) = o1(x) for all
r e L.

From the proof above, we see that F' < F is a subfield. As a result, we can look at the extension
E/F. We can’t exactly determine the degree of this extension, however we can get a lower bound.

Theorem 8. If 01,...,0, : E < E’ are distinct, F' the fixed field of o1, ...,0y,, then (F: F) > n.

Proof. Suppose for contradiction that (E : F)) = r < n. Then we have a basis of E/F given by
wi,...,wr. The goal is to contradict Dedekind’s Independence of characters (Theorem m; since
these are distinct, we must have that they are independent over F' (the fixed field) with regards to
the multiplicative groups. We will find a non-trivial relation among them.

We build the system of equations

o1(wi))xy + -+ o1(w)x, =0

o1(wp)zy + -+ on(wp)z, = 0.

This system has coefficients o;(w;) € E’. Since we have that r < n, we see that there is a non-zero
solution; that is, we have 8; € E’, 1 < i < n, where not all of the (3; are zero. Substituting this in,
then, we get

or(w)pr+-+o1(w)pn=0

o1(wp)B1+ -+ op(wr)Bn = 0.

Let y € E be arbitrary. Since the w; form a basis, we have that

”
Yy = E AW
1

Hence,
o1(y)Br+ -+ on(y)Bn

=01 (Z akwk> b1+ +op <Z akwk> Bn
1 1

= U(al) [Ul (wl)/Bl +- O'n(wl)ﬁn] + -+ U(ar) [Ul(wr)ﬁl + -+ O'n(wr)ﬁn]
= 0(a1)(0) +--- 4+ o(ar)(0) = 0,
where the last equality comes from the observation above. The choice of y was arbitrary, so we have

that for all y € E, o1(y)B1 + -+ + on(y)Bn = 0; this contradicts Dedekind, since it in particular
holds for all y € E*, and so we cannot have (F : F') < n. Consequently, (E : F)) > n. O

We remark that the bound is independent of the choice of {o;}" ; it is purely a linear algebra
result. This observation gives us the following corollary.
11



Corollary 5. Let 01,...,0, € Aut(E), 01 = idg. Let F C E be the fixed field of 01, ...,0,. Then
we have (£ : F) > n.

1.8. (Optional) Constructions with straight-edge and compass. We diverge from the notes
to discuss a little on straight-edge and compass constructions, following Milne [4]. The idea follows
from the Greeks; upon realizing that irrational numbers exist, they decided to expand Q to a set
of numbers called the constructible numbers.

Definition. A real number is constructible if it can be “constructed” by forming successive inter-
sections of

(1) lines drawn through two points already constructed, and
(2) circles with center a point already constructed and radius a constructed length.

We rewrite these rules in more algebraic terms. Throughout, F' is a subfield of R.

Definition. An F-line is a line in R x R through two points in the F-plane. That is, these are the
lines given by equations
ar+by+c=0, a,bcelF.

Definition. An F'-circle is a circle in R x R with center an F-point and radius an element of F'.
That is, these are the circles given by the equations

(x—a)+(@y—-0b2=c abccF

The idea, then, is to start with Fy = Q, and append all the points which lie along a Fy-line and
a Fy-circle, and then call this new field F;. We then append to F} the collection of all points which
lie along an Fi-line and a Fj-circle. Continue this process ad-infinitum.

One immediate issue to this process is whether adjoining all these points still gives us a field.
That is, is F} still a field so that we can try iterating the process again? The answer, it turns out,
is yes.

Lemma 5 (Lemma 1.35 [4]). (a) If ¢ and d are constructible, then so are ¢+ d, —¢, ¢d, and ¢/d
for d # 0.
(b) If ¢ > 0 constructible, then so also is \/c.

Proof. The idea is to first show that we can construct a line perpendicular to a given line through a
given point. Thus, we are given a line L : ax + by + ¢ = 0 and we wish to construct a perpendicular
line. Relabeling this in a more familiar package, we have that the line is given by L : y = mx +d so
long as b # 0, and if b = 0 we have that it is given by L : x = f for appropriate constants m,d, f.
Given some point (zg, o), we wish to find a perpendicular line through L : y = ma + d. Notice
that we set 1 = —m, and solve d = yg + rxp to get a perpendicular line. Similarly, a perpendicular
line for L : x = f through the point (f,y) will be given by L' : y = f. Thus, we can find a
perpendicular line through a given point (which will remain an F-line).

Next, we wish to show that we can construct a line through a chosen point (zg,yo) parallel to
L : y = mx + d (the other case is the same). Since the line is parallel, it has the same slope, and
so we simply solve yg = mxg + d, and this gives us our parallel line through a point.

Thus, we have that we can construct triangles. Furthermore, given some triangle, we can con-
struct a similar triangle using these processes. Appropriate choices of triangles gives us cd and ¢!
are constructible. It follows easily that we have ¢ 4+ d, cd~', and —c are constructible, and so we
get (a).

For (b), construct a clever circle. That is, draw a circle of radius (¢ + 1)/2 and center (¢ +1)/2,
and draw a vertical line through the point A = (1,0) to meet the circle at P. The length AP will

be +/c. O

12



Thus, iterating this process does gives us a field F,,. That is, we have the following:
Corollary 6. F =, F}, is a field.
The question, then, is how far do we get iterating this process. Geometrically, the three major

questions for constructible numbers are the following;:

(1) Is it possible to duplicate the cube using only lines and circles?
(2) Is it possible to trisect an angle using only lines and circles?

s it possible to square the circle by straight-edge and compass constructions?
3) Is it ible t the circle by straight-ed d tructions?

The answer to all of these is no, as we will eventually see.

Lemma 6 (Lemma 1.34 [4]). Let L # L’ be F-lines, and let C' # C’ be F-circles.

(a) LN L' = @ or consists of a single F-point.
(b) LN C = & or consists of one or two points in the F[y/e]-plane for some e € F with e > 0.
(¢c) CNC" =@ or consists of one or two points in the F[y/e]-plane for some e € F with e > 0.

Proof. The proof is just solving the simultaneous equations, which will be at most a quadratic
equation with coefficients in F. O

It seems thus far that this has nothing to do with Galois theory. The following theorem connects
to the two concepts.

Theorem 9 (Theorem 1.36 [4]). A number « is constructible if and only if it is contained in a

subfield of R of the form
Qlvar, ..., a],
where the a; € Q[\/a1, ..., /ai_1], a; > 0.

Proof. The prior lemma tells us that every constructible number is contained in such a field. On the
other hand, if all the elements of Q[\/a1,..., \/m] are constructible, then ,/a; is constructible by
Lemma [5| (b). Applying Lemma |5 (a) gives Q[\/a1, ..., +/a;] consists of constructible numbers.
Thus, we have the desired result. ]

Corollary 7. If « is constructible, then « is algebraic over Q, and (Q[«] : Q) is a power of 2.

Proof. By the prior theorem, a number « is constructible iff it is contained in some Q[\/ar, .. ., /ar).
Let’s proceed by induction. Assume z € Q[\/a], where a € Q. Notice that p(z) = 22 — a € Qlz],
and /a is a root of this polynomial. Thus, /a is algebraic. If \/a € Q, then we see that p splits to
p(z) = (x — /a)(x + y/a), the degree of the polynomial x — y/a will be 1, and so by prior we have
that Q[v/a] = Flz]/(x — v/a) = Q(y/a), so the field extension has degree

(Q(Wa): Q) =1=2"
If \/a ¢ Q, we get that p(x) is the minimal polynomial, so by the same reasoning we have that
(Q(Wa): Q) =2.
Assume now that (Q(y/at,...,\/@—1) : Q) = 27 for some j. We wish to show that a, €

Q(y/ai, ..., /ar—1) is such that (Q(\/a1,...,/ar—1,var) : Q) = 2% where k is either j + 1 or
j. By Theorem [1], we see that

QL ., ar T, ar) : Q) = QUL - BT v/@r) : QT ., /i D)) QT .., arT) : Q)
= (Q(Var1,...,\ar—1,v/ar) : Q(y/a1,..., ,/ar,l))2j.
If \/a, € Q(y/a1,...,\/a,—1), we get that x — \/a, is the minimal polynomial, so
QWL -, Er T, v/ : QT -, /aD)) = 1
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and hence

QT ..., v/& T, ar) : Q) = 2,
If \/a, ¢ Q(y/a1,...,/a;—1), then the minimal polynomial is given by 2% — a,, so we get that

QU@L -, ar1,/ar) : QAL -, V1) = 2

Qa1 ., a1, Vay) : Q) = 2+

Using this, we can answer some of our questions.

Corollary 8 (Corollary 1.38 [4]). It is impossible to duplicate the cube by straight-edge and
compass constructions.

Proof. 1t suffices to consider the unit cube. The goal, then, is to construct a cube with volume 2;
thus, “doubling” the cube. This requires constructing the real root of the polynomial 2 — 2. Using
Eisenstein, this is irreducible, so we have (Q(+/2) : Q) = 3; thus, it cannot be constructible. O

Corollary 9 (Corollary 1.39 [4]). It is impossible to trisect an angle by a straight-edge and
compass construction in general.

Proof. Consider an angle ov. We wish to trisect 3, which using some trig identities is the same as
finding a solution to

cos(3a) = 4 cos®(ar) — 3 cos(a).
Taking « so that cos(a) = 1/2, we see that we have to solve 823 — 6z — 1 = 0. This is irreducible,
since if there were a root r = ¢/d, ¢ | 1, d | 8, and going through the options we see that none of
these are roots. Consequently, (Q(«) : Q) = 3. O

Corollary 10 (Corollary 1.40 [4]). It is impossible to square the circle by straight edge and
compass constructions.

Proof. This is similar to the cube. Consider the circle with radius r. To square the circle, we need to
find  so that 22 = 7r?. Taking square roots, we see that  must be such that z = \/7r. We have 7
is transcendental, so /7 must also be transcendental; consequently, x cannot be constructible. [J

1.9. (Optional) Tricks For Irreducibility. In the last section, we used some tricks to determine
irreducibility of polynomials. We formally introduce those here.

Proposition 1 (Proposition 1.11 [4]). Let » € Q be a root of the polynomial
amx™ + - +ag, a; €Z.

Write r = ¢/d, with ¢,d € Z in reduced form. Then ¢ | ag, d | am.

Proof. Notice that

Cm
amd—m+--~+ao:0.
Multiplying throughout by d'™, we have
A ™ + a1 ™Y+ + apd™ = 0.

Rearranging, we have

amc’t = al(—am,lcm_1 — = aodm_l).
Hence, d | ¢™ay,. Since (¢,d) =1 (since they are in reduced form), we see that d 1 ¢™. Thus, d | an,.
A symmetric argument gives that ¢ | ag. (|

14



Proposition 2 (Eisensteins Criterion, Proposition 1.16 [4]). Let
p(x) = amz™ +---+ag, a; €L
That is, p(x) € Z|x]. Suppose there is a prime p such that

e p does not divide a,,

e p divides a;,_1,...,aq,

e p? does not divide ay.
Then p is irreducible in Zx].

Proposition 3 (Gauss’ Lemma, Proposition 1.13 [4]). Let p(x) € Z[z]. If p(z) factors non-
trivially in Q[z], then it factors non-trivially in Z[z].

Instead of proving it, we make the useful observation.
Corollary 11. If p(z) is irreducible in Z[x], then it is irreducible in Q[x].

Notice that this let’s us extend the power of Eisenstein and the first proposition to Q[z]. Fur-
thermore, the arguments (see [4]) generalize to replacing Z with a UFD and Q with its field of
fractions.

2. GALoIS THEORY (FINITE)

2.1. Galois Extensions. We now look at things from the point of view of the underlying field.
Let F' C E be a subfield of E. Let ¢ € Aut(FE) be an automorphism of E.

Definition. We say that o leaves F' fixed if o|r = id; in other words, o(z) = x for all z € F.

Lemma 7. Consider the extension of fields F/F. The automorphisms that leave F' fixed form a
subgroup of Aut(FE).

Proof. Since Aut(FE) is a group, it suffices to show that H = {0 € Aut(F) : o|p = id} is a subgroup
of Aut(FE). Notice that the identity is in H, and if o, 7 € H, then we have

ot (2) = o(77(2)) = o(x) =z,
so o7~! € H. Hence, it’s a subgroup (so a group on its own right). O
We denote the collection of automorphisms of E that leave F' fixed as Gal(E/F).

Remark. Notice that we have the concept of fixed fields and fields fixed by automorphisms. Note
that these are different; that is, the field fixed by Gal(E£/F') does not necessarily have to be F', but
F will be contained in it.

Throughout, we will let G = Gal(E/F'). Let
E¢ ={a€ F:o(a)=aVa e G}.
As observed above, we have F' C EC.

Definition. A (finite) extension E/F is called Galois if the following hold:
(1) (E:F) < oo,
(2) If G = Gal(E/F), then F = E¢.

Note that Artin calls such extensions normal. Normal in todays context has a different meaning.

Definition. An extension E/F is called normal if it is algebraic and every irreducible p(x) € F[z]
which has a root a € FE splits completely in E, i.e., E contains a splitting field of the minimal
polynomial f,(z) € Flz| for every a € E.
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For Galois extensions we have the following result for the degree of the extension.

Theorem 10. Let E be a field, G = {o1,...,0,} < Aut(E) a subgroup. If F = E% then
(E:F)=n.

Proof. Note that G is a group, hence, without loss of generality, we have that ¢; = id. Thus, we
have

F=E%={a€cE:oi(a) =avo; € G}

is such that (E : F') > n. It suffices to show that (E : F') < n. Assume for contradiction that
(E : F) > n. The goal is to do the same trick as last time. Since (E : F) > n, there exists
Qai,...,0n+1 € E that are linearly independent over F. Thus, we can set up a system

n+1

Zaj(ai)fizo, j=1,...,n.
1

There are more unknowns than equations, so there exists a non-trivial solution S1,..., Bp+1. If
the 8; € F', we would have that
n+1
Z ;i =0
1
is a non-trivial relation (here, using o; = id), contradicting the fact that the «; are linearly

independent over F'. Thus, the ; ¢ F'.

Among all of the non-trivial solutions, we will choose the one which has the least number of
non-zero entries. Reorder so that we have tha the solution is going to be #1,...,8,, 8; # 0 for
i=1,...,r. Notice that r > 1, since otherwise we have

proi(an) =0 = p1 =0.

Divide all of the entries by f,; label 5’1 = fi/Br for 1 <1i <r — 1. The system then becomes

r—1

Z%‘(%‘)Ez’ +o0j(ar) =0, j=1,...,n.
1

By what we’ve noticed earlier, we must have that there exists a Bl € E/F. Without loss of
generality, let’s set it to be 1. Then we have a g so that

ox(B1) # B
Now, apply o to our system; we get the system

r—1

ng(gj(ai))ak(gi) +or(oj(a) =0, j=1,...,n.

1

G is a group, so notice that oy - {o1,...,0,} = {01,...,0,}. Up to relabeling, then, we have the
System

r—1
Y oi(a)ok(Bi) + aj(ar) = 0.
1
Substracting this system from the first, we get
r—1 _ _
> o) [51‘ — Uk(ﬁi)} =0.
1
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Hence, we have that 51 — ak(ﬁl, .. .,Bfrtl — Uk(ﬁ/:jl) is another solution of our system. By the
choice of o}, we have N N

B1 —or(B1) # 0.
This is our contradiction; we have a set which is non-trivial, and which has less non-zero elements,
contradicting the minimality of the solution f,...,3,—1. This gives (E': F) <n,and so (£ : F) =
n. ]

Corollary 12. If G C Aut(F) is a finite group and F = E¢, then G = Gal(E/F).

Proof. We have that (E : F)) = n = |G|. Suppose that there was a ¢ € Aut(E) such that 0 ¢ G
but o(a) = a for all x € F. Then F is fixed by n + 1 distinct elements of Aut(E). Notice that
Corollary [5| tells us that (E : F') > n + 1, which is a contradiction. O

Corollary 13. Let G, G2 be finite subgroups of Aut(E) with G; # G2. Then
EC = Py # F = B%.
Proof. If F| = F5, = F, then
Gy ={oc € Aut(F):0(a) =afor all a € F'} = Go.
O

2.2. Separable Extensions. The idea of separable extensions of fields is to connect automor-
phisms of fields to properties of polynomials.

Definition. (i) Let p(z) € F[x]. We call p(x) separable if its irreducible factors do not have
repeated roots in a splitting field.
(ii) If E/F is an extension, an element a € F is called separable over F' if it is the root of a
separable polynomial p(z) € F[x]. That is, its minimal polynomial p,(x) is separable.
(iii) The extension E/F is called separable if every o € F is separable over F'.

Example. A non-intuitive example might be examining p(z) = (z — 3)? € Q[z]. The gut feeling
from the definition would be that this is not separable; however, notice that each of the irreducible
factors must not have repeated roots. The irreducible factors here are (z — 3), so there are no
repeated roots to worry about.

Example (Exercise 2.59 [6]). We will prove that, for characteristic 0 fields, we have that every
irreducible polynomial is separable (hence, every polynomial is separable, per our definition). Let
F be a field. Consider the operator

D: Flx]| — Flz],
where if N
p(z) = Z ax’,
i=0
then .
D(p(x)) = Ziaixi_l.
i=1
In other words, this is the formal derivative of a polynomial. Essentially, D is defined via setting
D(z) =1,
and

D(p(x)q(x)) = D(p(x))q(x) + p(x) D(g(x)),
i.e. its established by the product rule and the power rule, and then linearly extending this operation.
Consequently, D is a linear operator.
We first show the following lemma.
17



Lemma 8. p(z) € F|x] is separable if and only if ged(p(z), D(p(x))) = 1 (1 here is the multiplicative
identity in F).

Proof. Assume first p(x) is separable. Let o be a root of p(x). Then we have that (a—z)h(x) = p(x)
for some h(x) with k() # 0 (this holds since the polynomial is separable; we have no repeated
roots). Taking the formal derivative and applying the product rule, we get

(o = 2)D(h(z)) = h(z) = D(p(z)).
Plugging in x = «, we have
—h(a) = D(p(a)) # 0,
so « is not a root of D(p(x)). This holds for all roots of p(x), so p(z) and D(p(x)) do not share a
root; notice this forces their ged to be 1.

Assume p(z) is not separable. Let a be a repeated root. Thus, we have p(z) = (a — z)?h(z),
where h(a) may or may not be zero (it will not matter). Applying the product rule here gives us

D(p(x)) = 2(a — x)h(z) + D(h(z))(a - )%,
which we see will be zero at * = a. Thus, they share a root, and so their ged is not 1. ]

We can now deduce the following.
Corollary 14. For fields of characteristic 0, every polynomial is separable.

Proof. Without loss of generality, it suffices to consider irreducible polynomials (per the definition).
By the lemma, it suffices to show that if p(x) is irreducible, then ged(p(x), D(p(z))) = 1. Assume
otherwise; that is, ged(p(z), D(p(x))) = h(z) # 1. Since p(t) is irreducible, this implies that
h(x) = rp(z) for some element r, and we have rp(z) | D(p(x)); that is, p(z) | D(p(x)). Notice that
deg(D(p(z))) < deg(p(x)), so the only way this can happen is if D(p(x)) = 0. In a characteristic
0 field, the only way that the derivative can be 0 is if the polynomial was constant; this tells
us that irreducible polynomials are separable, since by definition they are non-constant. Hence,
all irreducible factors of a polynomial will be separable, so every polynomial is separable in a
characteristic 0 field. (|

We also get for free a classification of irreducible non-separable polynomials in fields of charac-
teristic p.

Corollary 15. Let F be a field of characteristic p # 0. If p(z) € F[x] is irreducible and not
separable, then it is of the form ¢(a?) = p(z) for some ¢(z) € F|x].

Proof. Assuming p(x) € F[z] is irreducible and not-separable, we have that the lemma tells us
ged(p(z), D(p(x))) # 1. From our observation in the prior corollary, we see that this tells us that
D(p(z)) = 0. Notice that, for the polynomial p(z) to be non-constant, we need

n
D(p(x)) = Zi(lil‘i_l =0.
i=1
This implies p | ia; for 1 <14 < n. Since p is prime, we have that this implies p | i or p | a;. If p | a;,
this tells us that the coefficient was 0 all along, and so there was nothing to differentiate. Thus, we
must have p | i, so that p(z) is of the form
n

n
p(x) _ Zaixkip — Z ai(a:p)ki,
=1

i=1
18



where the k; are some integers. Thus, setting

n
Q(:E) = Z aixkia
i=1

we have p(x) = q(aP). O
Notice the relation here with the Frobenius endomorphism.

We now get the relation between automorphisms of £ and the splitting of polynomials in the
following theorem.

Theorem 11. We have that E/F is a finite Galois extension if and only if F is the splitting field
of a separable polynomial p(z) € F[z].

Proof. (= ): We start with a lemma.
Lemma 9. If E/F is a finite Galois extension, then E/F is separable and normal.

Proof. By assumption, we have (E : F) < oo and G = Gal(E/F) is such that F' = E. There are
two things we wish to show:

(1) E/F is algebraic and every irreducible p(z) € F[x] which has a root a € E splits completely
(normal).

(2) For all a € E, there exists a separable polynomial p(z) € F[x] so that p(a)) = 0 (separable).
We do both simultaneously. Write out G = {o71,...,0,} with 01 = id. Let a € E. Let {a1,...,a,}
be the orbit of & under G, i.e. o; = 0;(a) (note that we may have repeats here). Eliminating repeats,
we are left with the set {ay,...,a,}. Since G is a group, the «; are permuted among each other
by G. Therefore, the polynomial

f@)=(z—ar)--(z —ar)
is fixed by G. Notice that this means that
oi(f(x)) = oi(z —n) - oi(r —ar) = (x — 1) - (& — ar) = f(2).
Writing out the coefficients of f, we see that this implies that the coefficients are fixed under the
;. Since F = E©, this tells us that the coefficients are in F; that is, we have f(z) € Fl[z].
Let g(x) € F[x] be such that it has « as a root. Writing out g, we have
n
g(z) = Z a;x’.

i=0

Applying o; to g(«), we have

0=0;(g(e) =D aioj(@)' = aiaf = glaw),
=0 =0

where ay € {a1,...,a,}. Thus, we have that g has the «aj as roots as well, so f(x) | g(x). Notice
this applies for any polynomial which has « as a root, so f(x) must be the minimal polynomial
for a. This also forces f to be irreducible. Since the minimal polynomial for every « is separable
and splits completely, this tells us that E/F satisfies (1) and (2). Thus, F/F is separable and
normal. O

Going back to the theorem, suppose E/F is a finite Galois extension. Let wy,...,w; be a basis
of E/F. Let fi(x) € F|x] be the separable irreducible polynomial having w; as a root. Taking
f(z) = fi(x)--- fi(x) € F[z], we see that this is separable (since each irreducible component is
separable) and E is the splitting field of f since each f; splits completely by normality. Thus, we
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have the forward direction.

(<= ): Let E be the splitting field of a separable polynomial p(x) € F[z]. The goal is to construct
the Galois group. First observe that if all of the roots of p(x) are in F, then we are done by setting
E =F and G = {id}.

We induct now on the number of roots of p(z) which do not lie in F. Let n denote this number.
Suppose that p(z) has n > 1 roots in E'\ F, but for all pairs of field K C E with fewer than n roots
of p(x) outside of K, the proposition holds. That is, for all fields F C K C E where p(z) has fewer
than n roots outside of K, we get that K/FE is a finite Galois extension. Write p(x) = p1(z) - - - pr ()
as the factorization of p(x) into irreducible factors in F[z|. Notice that one of them must have
degree greater than 1, since otherwise all of the roots belong to F', reducing us to our trivial case.
Without loss of generality, let’s take this to be the first factor; suppose deg(p1) =s > 1. If a1 is a
root of pi(z), then F C F(ay) C F, and (F(a) : F) = s = deg(p1) (by Corollary [2).

Now, E/F(aq) is still the splitting field of p(x) = 0, and the number of roots of p(x) outside
of F(aq) is going to be less than n, since ay € F(ay). Therefore, the theorem holds for F(aq),
and so we have F/F(aq) is a finite Galois extension. Let G; = Gal(E/F(«1)). Since p9x) was
separable, the roots o, ..., as of p1(x) are distinct in E. For each root o, there exists a o; so that
oi(a1) = . Thus, 0; : F(a1) — F(«;) is a field isomorphism leaving F' invariant. We can extend
the o; uniquely to an element of Aut(E), which we’ll also denote by o;. This gives us a collection
{o1,...,05} C Aut(F) which leaves F' fixed.

Let G = Gal(E/F) = {0 € Aut(E) : 0(a) = a for all a € F}. Suppose § € EY, the fixed field
of G. The goal is to show § € F, giving us EY = F. Notice that Gal(E/F(a1)) = Gy C G =
Gal(E/F). Due to this, we have the relation that EY C F(ay); that is, if € is fixed by all of the
o € (G, then it is in particular fixed by all the o € GG1, and since it’s a Galois extension we see that
0 € B = F(ay).

Since 0 € F(a1), we have that

s—1
0= Zcia’i, c; € F.
=0
Applying o; € G, we have
0;(0)=0=co+cro; +---+ cs,laffl € F(oy).
We claim now that the polynomial
gx)=(co—0)+cr1z+ -+ co_12°7 € Flz]

has aq, ..., as for roots. To see this, notice that

g(Oéi) = (Co — 9) +cio;+ -+ Cs—laf_l

= (Co - [Co +ao;+ -+ 057104;-971}) +ao;+ -+ Csflafil =0.
Notice this is more roots than the degree of the polynomial, which is impossible unless g(x) = 0.
So we get g(x) = cop — 0 = 0; that is, ¢co = 0. So 0 € F. The choice of § was arbitrary, and thus we

get EC¢ C F; apriori, we have F C E¢, so E¢ = F. Thus, E/F is Galois, since the degree of the
extension was finite by assumption. g

Definition. If E/F is the splitting field of a separable polynomial f(z) € F[z], we will call
Gal(E/F) = Gy the Galois group of the polynomial f(z).

Remark. Note that we can extend Theorem [11] to the following.

Theorem 12 (Theorem 3.10 [4]). For an extension E/F, the following are equivalent:

(a) E is the splitting field of a separable polynomial f € F[z].
(b) E/F is a finite Galois extension.
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(c) F = E® for some finite group G of automorphisms of E.
(d) FE is normal, separable, and finite over F.

Proof. We showed in Theorem [11] (a) <= (b). Notice Lemma [9] establishes (b)) = (d), and
we have (b) <= (c) by definition. We only need to show (d) = (a).

(d) = (a): Since (E : F) < oo, it is generated over F' by a finite number of elements, say
E = Floy,...,qn], where o; € E. Taking f; to be the minimum polynomial over the «;, and f to
be the product of the f;, we get that each f; splits in £ by normality, so F is the splitting field of
f. Notice f is separable, since E is separable over F', so each of the f; are separable. O

Thus, we have three different ways of defining a finite Galois extension.

2.3. Fundamental Theorem of Finite Galois Theory. We are now at the fundamental theo-
rem for finite Galois theory.

Theorem 13 (Fundamental Theorem for Finite Galois Theory). Let p(x) € F[x] be separable,
E/F the splitting field of p(z), and G = Gal(E/F) = G,. Then we have the following:

(1) Every intermediate field F C K C E is the fixed field E = K for some subgroup H < G.
Distinct subgroups have distinct splitting fields, so
K = E" and H = Gal(E/K).
(2) K/F is Galois if and only if H < G. That is, K/F is Galois if and only if B = K and H
is a normal subgroup of G. In this case, we get
Gal(K/F) = G/H.
(3) If FC K C E and H = Gal(E/K), then (K : F) = (G : H) and (E : K) = |H|.
Proof. (1) If F C K C E, then FE is still the splitting field of p(x) € Fx] C K|z] over K, p(z)
a separable polynomial by Theorem Thus, invoking Theorem [12] again, we get that
E/K is Galois. If H = Gal(E/K), then we note that H < G and K = EX. To see that

H < G, we have that if ¢ € H, then ¢ fixes K, and F' C K, so ¢ also fixes F', and hence
o € G. To see that B! = K, we use Theorem

Remark. An aside now is that we’ve seen that distinct subgroups of G have distinct fixed
fields (Corollary . So there is an order reversing bijection between intermediate fields
and subgroups of the Galois group.

(2) Now consider an intermediate field F' ¢ K C F and H = Gal(E/K). If 0 € Gal(E/F) = G,
then o(F) = F and o(K) C o(E) = E is another intermediate field (possibly still K). Thus,
we have the following:

E
J
—2—— o(K)

\F

If r€ H=Gal(E/K), then 7(K) = K and o7(K) = o(K). So elements in the same coset
in G/H give the same conjugate intermediate field. Next, if o7, 09 lie in distinct cosets of
G/H, then o1 and o9 give distinct isomorphisms of intermediate fields o1(K) and o9(K).
This is due to the fact if o1(a) = o2(a) for all a, then oy 'o1(a) = a for all a € K, and so
02_1(71 € H. That is, 01 € 09H.

= — I
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The next thing to note is that if K7 and K5 are two intermediate fields and o : K1 — Ko
over F'| then since E is still the splitting field of p(z) over K; and Ky, any isomorphism
over F' extends to an isomorphism of the splitting field E over F'; i.e., this isomorphism o
is an element of Gal(E/F'). So it gives us a diagram

Together, these give that the distinct embeddings o : K — E all come from restricting
o € Gal(E/F). The number of such embeddings then is going to be the number of cosets;
ie, (G: H)=|G/H]|.

With these, we can start to prove (2). Suppose K/F is Galois. Then we know that
|Gal(K/F)| = (K : F). For the converse, let F/ = KG(K/F) Then F ¢ F' ¢ K. But we
have

(K : F') = |Gal(K/F)|,
so we get that F' = F’. Hence, K is Galois over F'. Thus, K is Galois over F' if and only if
(K : F)=|Gal(K/F)|. But
(Gal(K/F)| = (K : F) = (G H) = G/H],

or its equal to the number of distinct embeddings of K into £. Thus, the number of distinct
embeddings is equal to the number of isomorphisms, and so we have that o(K) = K fo rall

o € Gal(E/F). So
K/F is Galois <= |Gal(K/F)| = (K : F)
< o(K) =K for all 0 € Gal(E/F)
< oHo ! =H for all 0 € Gal(E/F)
<= HJG.

Note that the number of distinct embeddings is isomorphic to G/H, the number of distinct
automorphisms of K fixing F' is Gal(K/F'), and so we get Gal(K/F) = G/H.
(3) Given (1), we see that

(E:K)=|Gal(E/K)|=|H|
and
(K:F)=(E:F)/(E:K)=|G|/|Hl=|G/H| = (G : H).

We remark that if FF C K C E with K/F Galois, then we have the field diagrams

E 1( / )
:‘ : H=Gal(E/K
) K

T >G’/H:Gal(K/F)

G=Gal(E/F

F
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3. FINITE FIELDS
3.1. Preliminaries. We start with the following.
Theorem 14. Let F be a field, S a finite subgroup of F'*. Then S is a cyclic group.

Proof. We use the structure theorem for finitely generated abelian groups, which says that if G is
a finitely generated abelian group, then

G=Cr@- D Cy

where each C; is cyclic, |C;| divides |Cit1], and ¢ is the minimum number of generators of G. One
consequence of this is that if G is a finite abelian group and m = |C}|, then every element of G has
order dividing m. So since S is a finite abelian group, we have

SEC1 @@ CY,

and the exponent of S is m = |Cy|. Thus, every element of S satisfies the following polynomial
relation:

2™ —1=0.
Let n = |S|. Since z™ — 1 can have at most m roots, m > n. Since the order of any element of

S divides |S| = n, we have m | n, so m < n. Therefore, m = n. Since C; = (a) has order m,
S = <Oz> = Ct. O

From this, we get a nice fact on finite fields.
Corollary 16. If F is a finite field, F'* is the set of units, then F'* is cyclic.

3.2. The Characteristic of a Field. Now, let F' be an arbitrary field. We have a map
¢:7Z—F
where
pn)=1+1+---+1)
n times. We consider the two cases here:

Case 1: If Ker(¢) = 0, then ¢ : Z — F and Z C F. The field of fractions is the smallest field
containing a ring, so we get that Q C F' as well. In this case, the field has characteristic 0.
Case 2: If Ker(¢) # 0, then since Im(¢) C F is a domain, Ker(¢) = pZ for some prime p. Thus,

¢:7/pZ — F.

In this case, the field has characteristic p > 0.

We denote the characteristic of a field F' by Char(F'). Note that if Char(F') = p, then for any
a € F, we have that

pa=(ata+--+a)=a(l+1+---+1)=a-0=0.
We can make a general statement on the characteristic of a finite field.
Theorem 15. If F' is a finite field, then Char(F") = p for some prime p, and Z/pZ =F, C F.
Note here that I, is the field with p elements.

Proof. Consider ¢ : Z — F. We have that Ker(¢) # 0, since otherwise we have that |F| = oc.
Recall that the kernel of a ring homomorphism is a prime ideal, so we have that Ker(¢) = pZ for
some prime p. Thus, we have that the characteristic is p for some prime p. ]

Corollary 17. If F' is a finite field, then |F| = p” = ¢ for some v > 1.

Proof. F is a finite dimensional vector space over IF,,. If (F': F)) = v, then |F| = |F,|" = p”. O
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Note that if F' is a finite field, then it is canonically the splitting field of a polynomial.

Theorem 16. Let F' be a finite field of characteristic p. Then |F| = g = p” for some v > 1. We
have that F' is the splitting field of
-z

over .

Proof. Note that, since F'* is cyclic of order ¢ — 1, we get that

2t —1=0
for all z € F*. Hence,
-1 = H (x —a).
acF'x

Appending x, we get
2 —z=2""-1)= [ @-0a)-@-0)=][[@-a.
acF'% acF
So if F,, C F' is the prime field generated by 1, then F'is the splitting field of 2 — z over F,,. [

Corollary 18. If |F| = g = p¥, then F' = {a : a is a root of 27 — x = 0}.
Corollary 19. Any two finite fields of the same order are isomorphic.

Proof. Let |F| = |F'| = q. Then if F), and [, are their prime fields, then ', = F,. F'is the splitting
field of 27 — x over F,,, F’ is the splitting field of 27 — x over IF;,, and Theorem @ gives us that
F=F. O

3.3. Separability and Differentiation. We're back to letting F' be any field again. If f(z) =
ag + -+ + apx™ € Flz], we can define its formal derivative as

f'(z) = a1 + 200z + - - - + naya™ L.

Note that we have the following;:

(1) (p(z) +q(@))" =p'(z) + ¢'(2),
(2) (p(2) - q(z))" = p'(z)q(z) + p(z)d (),
(3) (p"(2)) = np"~H(2)p (2).
The formal derivative gives us a practical test for a polynomial to have repeated roots. For
irreducible polynomials, then, we have a test for separability.

Theorem 17. Let f(z) € F[z]. Then the following are equivalent:

(i) f(z) has repeated roots.
(ii) In a splitting field E of f, f(z) and f’(x) have a common root.

(iii) ged(f, f') > 1in Flx].

Proof. We showed the equivalence of (i) <= (7i¢) in Lemma [8] It suffices to show (i) <= (i7),
then. Let a be a root of f(z) =0 in E. Suppose the multiplicity of « is k, so

f(z) = (z —a)*q(x)
in Elz], q(a) # 0. Using the product rule, we get

fl(@) = (& = a)* " [(x — a)d/ () + kq(x)] .
If £ > 1, then « is a root of f'(x) of multiplicity k¥ — 1. If £ = 1, then it’s not a root. So we have
(i) <= (u). O
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Recall Corollary and Corollary which told us that in Char(F') = 0, we have that every
polynomial is separable, and if Char(F) = p then things were afoot. This leads us to the definition
of perfect fields.

Definition. A field F' is perfect if every irreducible polynomial f(x) € F[z] is separable.

Note then that the Corollary we proved was that if Char(F) = 0, then F' is perfect. A more
surprising result is the following.

Theorem 18. If F' is a finite field, then F' is perfect.
Proof. We show first the following.

Lemma 10. A field F is perfect if and only if it has characteristic 0 or it has characteristic p and
FP=F.

Proof. ( = ): Assume that the field F' is perfect and Char(F) = p > 0. Assume as well (for
contradiction) that FP # F. Since FP # F| there exists a r € F'\ FP. Examine the polynomial
p(z) = 2P—r € F[z]. In the splitting field for this polynomial, we see that it splits as p(x) = (z—1)P,
where t is such that t? = r. We claim that the polynomial is irreducible in F[z]. Since it splits
as (z — t)P, we see that any monic non-trivial factor will be of the form (z —¢)™, 1 <m <p— 1.
Expanding this with the binomial theorem, we have

(z—t)™ = i <m> 2 (—t)m,

i=o N/

If this were in F'[z], we have that (Zn) (—t)™=J € F for 0 < j < m. Examining the m — 1 coefficient,
we get that this implies that —mt™ ' € F for 1 < m < p — 1. Since m # 0, we get that
m € Fy C F'*, which then forces t € F'. This means that r € FP, which is a contradiction. Since
the field is perfect, though, we must have that its separable, and thus we have the contradiction.

( <= ): Assume that it is not perfect; in other words, Char(F) = p > 0 and there is a separable
irreducible polynomial, say p(x) € F|z]. By what we’ve established, this happens if and only if
p'(z) =0, and so p(x) is a polynomial of the form p(z) = q(aP), where ¢(z) € F[z]. Writing it out
explicitly, we have

p(z) = ap + ar2? + - - + apx™.
If F? = F, we have that a; = b? for some b; € F, so
p(z) = b5 + (b1z)P + - + (bpz")P.
Notice that
(bo + b1z + -+ bpz™)? = b + (hiz)P + - - + (bpa™)P = p(z)

by the binomial theorem. This contradicts the fact that f(x) is irreducible, so we cannot have
FP = F. Thus, we've shown that if Char(F) = 0 or if Char(F) = p > 0 and F? = F, then the field
is perfect. O

By this lemma, it suffices to show that if F' is a finite field of characteristic p, then FP = F.
Notice that the map ¢ : F — F given by ¢(x) = P is injective (since if ¢(z) = ¢(y), we have
aP = yP  so x = y). Since F is finite, and we have an injective linear map between fields, we see
that this forces ¢ to be an isomorphism, so ¢(F) = FP = F. O
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4. CONNECTED ToOPICS

4.1. Cyclotomic Fields. We obtain cyclotomic fields from a base field F' by adjoining roots of
unity. One reason to study cyclotomic fields is that they are good sources of abelian extensions,
where we define abelian extensions as extensions with abelian Galois group. A theorem of Kronecker
and Weber says that if the base field is QQ, then every abelian extension of Q is a subfield of a
cyclotomic field.

Let F be any field and consider the polynomial

p(z) =2" —1¢€ Flx|.

If n is not divisible by the characteristic of the field, then ™ — 1 has no repeated roots, since
nz™ ! is not 0 (since n is not divisible by p, and this only has 2 = 0 as a root. So we get
ged((z™ — 1),D(z™ — 1)) = 1 and 2™ — 1 is separable over F. From here on, we will assume
ged(n,p) = L.

Let E/F be the splitting field of 2™ — 1. We will call E the nth cyclotomic field over F'. Since
™ — 1 is separable, E/F is a Galois extension. The set of roots of ™ — 1, denoted by S, forms a
finite multiplicative subgroup of E*. To see this, note that 1 € S, and let a,b € S. The goal is to
show that ab € S. Notice that we have

at=1, " =1, (ab)"—1=a""—-1=1-1=0,
so ab € S. Thus, it is cyclic by Theorem Let ¢, be any generator of this group. We call (,, a
primitive nth root of 1 (or of unity) in £, and we have E = F((,).

Theorem 19. The Galois group Gal(E/F) is abelian. If n = ¢ is a prime (not Char(F')), then
Gal(E/F) is cyclic.

Proof. Let ¢ = (, so that E = F((). If 0 € Gal(FE/F), then o(({) is once again a root of 2™ — 1. So
there exists an n, € N so that o(¢) = (", with 1 <n, <n. If 7 € Gal(E/F), then also

To(C) = 7(¢"7) = (7(O)" = """,
SO0 Nyo = nyng modulo n. Thus, we have a map o — n,, and this gives us a homomorphism
Gal(E/F) — (Z/nZ)*. Note that this is injective, since if o # 7, then o(¢) # 7(¢), so ny, # n,.
Therefore, Gal(E/F) is isomorphic to a subgrpup of (Z/nZ)*, and hence it must be abelian.
Note that if n is prime, then (Z/nZ)* is cyclic, so that Gal(E/F) < (Z/nZ)* is also cyclic. 0O

4.2. Noether’s Equations. Let F be a field, G C Aut(E) be a finite subgroup. Let o — «a, be
amap G — E*. The set of elements {a, : 0 € G} is called a solution to Noether’s equations if
Qg - U(aT) = Qgr

for all o,7 € G. We have the following criteria to determine whether something is a solution to
Noether’s equations.

Theorem 20 (Speiser). The set {a, : 0 € G} is a solution to Noether’s equations iff there exists
8 € E* such that
a = 2
L)
for all o € G.

Proof. ( = ): Assume that {a, : ¢ € G} is a solution to Noether’s equations. Since the au-
tomorphisms 7 € G are linearly independent over E, by Dedekind’s independence of characters
(Theorem (7)), and the ., # 0, then there exists v € E* such that

Z a,7(y) #0.

TEG
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Let 8 be this element, i.e.,

=3 arr(y) £ 0.
TEG
Let o be any element of G. If we apply o to 3, we have

a(B) =Y olar)or(y).
TEG
If we multiply by «a,, we obtain
ago(B) = Z ago(ar)oT(y).
TEG
By Noether’s equations, we have that o, (o(a;)) = agr, S0 we replace this to get
a,o(f) = Z AeroT (7).
TEG
Notice that cG = G, so we can rewrite this as
a0 () = Z ar7(y) =B
TEG

Dividing by o(8), we have
p

Qg — ——<

a(B)

(<=): If we have a 8 € E* such that
__B
" 5 (B)

for all o0 € GG, then we see that

= Qg7

olaye B (BN B B _ B
ag - o(ar) a(B) <T(5)> o(B) ot(B) oT(B)

O

Remark. In terms of group cohomology, Speiser’s theorem says that H'(G, EX) = 1. In other
words, every l-cocycle is a 1-coboundary.

We have an interesting situation when the a, actually live in the fixed field F = E¢ of G. In
this case, let x : G — F'* be given by x(0) = a,, with the {a,} solutions to Noether’s equations.
We claim that y is a character of G with values in F'*, since

X(UT) = Qor = aUG(aT) = QO = X(O’)X(T),

where we critically use that ' = EY to deduce o(a,) = a,. Going backwards, we get that any
character y : G — F* with F = ES defines a solution to Noether’s equations.

Combining this observation with Speiser’s Theorem, we obtain the first half of the following
theorem.

Theorem 21. Let E/F be a Galois extension, G = Gal(E/F'). Then for each character x : G —
F* | there exists § € E* such that

x(0) = ——,

=56

and conversely, if 3/0(8) € F for all o € G, then xg(0) = §/0(5) is a character of G.
Moreover, if r is the least common multiple of the orders of ¢ € G, then 5" € F.
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Proof. Everything before the moreover has been shown. Thus, we just need to show that " € F,
where (3 defines a character y as above. Noting that F' = E®, we just need to show that for all
o€ G, o(f") =p4". Notice that

= (505) = xor =xte" =x@ =1

so 7 =o(f") for all o € G. Hence, " € F. O

4.3. Kummer Theory. Kummer theory provides us with descriptions of field extensions which
are obtained by adjoining nth roots. So Kummer theory actually gives us a characterization of
abelian extensions in the presence of sufficient roots of unity.

Let F be a field containing n distinct nth roots of 1. Let u,(F') denote the group of distinct nth
roots of 1 in F.

Definition. A Kummer extensions E of F' is the splitting field of a polynomial

flz) = (" —ar) - (2" = ay),

with aq,...,a, € F. In other words,

E=F({ai,..., Ya).

Note that since F' contains n distinct nth roots of 1, label these €1, ..., €,, then

n

" — a; = H(l’ — Ejozi),

j=1

where «; € E with o = a;. Hence, f(x) is separable, so E/F Galois extension, and we an realize
E=F(a,...,ap).
Let 0 € G = Gal(E/F). Then o is completely determined by its action on the «;, and

o(oi) = €004,
since o(q;) is also a root of ™ — a; = 0. If both 0,7 € G, then for each «a; we have
To(0v) = T(€ 004) = € oT(Q;) = € o€ 70
= € 7€ 00 = 0T().

Hence, o and 7 commute on the generators of E/F, and hence Gal(E/F) is abelian.
Suppose o € G. Then for each «;, we have

ak(ai) = eﬁaai.
Thus, if €; , has order n;, in the group p,(F), then ¢"? () = ;. Since €; » € pp(F), a group of
order n, we have that n;, | n. Therefore,

ord(o) = lemi{n; o } = my, my divides n.

If we let m = lemgyeg{ms}, then m also divides n. This is the exponent of G by definition. Thus,
we have proven the following result.
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Theorem 22. If F' contains n distinct nth roots of 1 and F is a Kummer extension of F, i.e., a
splitting field of a polynomial
fla) = (@ — ) (@" — )
with a; € F, then
(a) E/F is a Galois extension.
(b) E/F is abelian (that is, Gal(E/F) is an abelian group).
(c) Gal(E/F) has exponent m dividing n.

As a corollary, we have the following.

Corollary 20. Let ¢ be a prime and suppose F' contains ¢ distinct gth roots of 1. Let E be the
splitting field of 29 —a with @ € F'. Then either £ = F and x? —a splits in F, or 29 —a is irreducible
and Gal(E/F) is cyclic of order g.

Proof. This is a consequence of (c) in the above theorem. We have that Gal(E/F') has exponent
dividing the prime ¢. So it is either 1, in which case Gal(E/F) is trivial and E = F, or it is ¢, in
which ase (E : F') = ¢, forcing 2 — a to be irreducible. O

The interesting part of the above result is that it actually completely characterizes Kummer
extensions. So an extension is Kummer iff (a), (b) and (c) hold. That is, we have the following.

Theorem 23. Let E/F be a field extension. We have E is a Kummer extension if and only if
(a) E/F is a Galois extension.
(b) E/F is abelian.
(c) Gal(E/F) has exponent m dividing n.
The goal will be to prove this theorem.

From here on out, we assume

e F/F is a Galois extension with Gal(E/F') abelian.
e If m is the exponent of Gal(E/F), then F' contains m distinct mth roots of 1.

Let i, (F') denote the group of mth roots of 1 in F' and let G = Gal(E/F). Let
G={x:G— pum(F) C F*}

be the set of characters of G with values in i, (F'). Note that since G has exponent m, any character
of G with values in F'* must take values in fi,, (F).

Claim 1. Since m = exp(G), the exponent of G = Gal(E/F), G = G. Moreover, for any ¢ € G,
o # 1g, there exists a x € G such that x(o) # 1p.

Proof. We drop the subscripts for G and F' for the identity, since it should be clear from context
which we are talking about.
We are assuming Gal(E/F) = G is abelian, so we can invoke the structure theorem for finite
abelian groups to get
G=2Cy x--xCy
where C; are cyclic groups of order m;, with my | ma | --- | my = m. Let o; denote the generator
of C;. From this, we see that any o € GG can be written as

o=ot-o,
with v; (mod m;). Define a character x; : G — pum(F) by
€; lfj = ’i,
(o) =
xi(o5) {1 if j 1,
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where we have ¢; is a primitive m;th root of 1. Then if y € G, we can write x(0i) = €' = xi(oi)H.

This follows since o; has order m;, and so x(o;) must be an m;th root of 1, so of the form ef ¢ for
some p; (mod m;). Thus, we see that we can write
x(o) = x(o1* -+ 0y") = xa (o))" -+ xaon) "
Hence,
X =xp"
Conversely, every x|" -+ x4" defines a character of G. Thus, we see that we have

~ ~

G2Cyx-xC,
with C; = (xi) = Ci. So G = G.
Now we show the moreover part. If o € GG, then we write
o=o' o1
Since o # 1, there is some v; # 0, so
xi(o) =¢" # 1.
Thus, there exists a y € G with x(o) # 1p. O
Noe, let
A={a € E*:a™ € F,m is the exponent of G}.
Then A is a multiplicative subgroup of E* and F'* C A. Let

A" ={a™:a € A} C F* and Fom={am:ae F*} C A™.

There is a convenient way to calculate G = Gal(E/F).
Claim 2. (a) A/F* = A™/F>m™,
(b) A/F* =2 G=G.

Proof. (a) Consider the surjective mth power map A — A™ composed with the quotient map
A™ — A™/F*™ Let K be the kernel. We get an exact sequence

1-K—>A—A"/F*™ > 1.
Note that
F*CK={peA:pmeF"m}.
Thus, if 8 € K, then there exists 0™ € F*™ gsuch that 8™ = ™. So f§ is a root of the
polynomial
™ =" =0.
Note that the roots of 2™ — b™ are b, €ab, ..., €,b, where 1 = €1,€a,...,6n € un(F) are the
mth roots of 1 in F. Therefore, we get that 8 = €;b for some €; € p,(F). Thus, 5 € F*. The
choice of 8 was arbitrary, so we have that K C F'*. Hence, K = F*. So

AJFX =A™ [FXm

as desired.
(b) The goal here is to show A/F* = G. So for every [a] € A/F*, we need to construct a character
X:G=Gal(E/F) — pun(F). Fix a € A. For each o € G, consider a/o(«). Note that

(i) = st
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Recall that for a € A, we have that o™ € F' by the proof of (a), so o(a™) = a™. Hence

a m
L) =1
en)
So it is an mth root, an hence a/o () € i, (F) C F*. We can define
Xa : G = pm(F)

via

So we get a homomorphism 6 : 4 — G with O(c) = xq- This is indeed a homomorphism, since
for each o € G we have

_ _ o _ o B _
0(aB8)(0) = Xaplo) =~ =~ = xa(0)a(o) = B (@) (o)
so B(apB) = 0(a)f(B). We now note that every x is of the form x = x,, as a consequence of
Speisers theorem. The kernel will be

Ker(f) ={a € A: xo =1}.

Thus,
Ker(0) = A:——
er(f) {a € (@)
Notice that if a € Ker(#), we have that a = o(«) for all ¢ € G. This implies that « is in the
fixed field, which means that a € F*. So A/F* = G.

zlforallaeG}.

O
We are now ready to prove the theorem.

Proof of Theorem [23. The implication follows from what we showed earlier. It suffices to prove the
other direction.
(<=): Let A= {a € EX:a™ e F*} again. Since we had A/F* is a finite group by the claim
prior, we can write
A= F*U---UqF*
as the coset representation for A/F*. Note that
t=|A/F¥| = |G| = (E: F)
again by the claim above.
Since o; € A, we know that " = a; € F' and ¢ is a root of the polynomial
"™ —a; € Flx].
If piy(F) = {€1,...,€n}, then in E[x] we have

Thus, 2™ — a; splits completely in E.
We claim F is the splitting field of

t

H(xm —a;) € Flx].

i=1

In other words, we claim that £ = F(aq,...,0). IF not, then F C F(ai,...,0¢) C E is an

intermediate field between E and F. So there exists some o € G = Gal(FE/F) such that o # 14,
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but o restricted to F'(aq, ..., as) is the identity on the intermediate field. Now, there is a character
X € G such that x(o) # 1p. But G =2 A/F*, that is, there is some « € A so that x = xo. Thus,
@
X(U) = N 7& 1’

o(a)
so o(a) # a for this & € A. But we have
a€EA=aF*U---UqF*.

Therefore @ € F(ai,...,a¢). This contradicts the fact that o(a) # «, so we must have E =
F(aq,...,ay). Thus, E is a Kummer extension of F'. O

Specializing this to the case m = ¢ a prime, we get the following corollary.

Corollary 21. If E/F is Galois with (E : F') = ¢ a prime and F' contains ¢ distinct gth roots of
1, then F is the splitting field of an irreducible polynomial 27 — a € F[x].

We in fact have that if F' contains m distinct mth roots of 1, then there is an order reversing
bijection between subgroups N so that F*™ C N C F* and abelian extensions E/F of exponent
m’ | m.

5. MORE ON FIELD EXTENSIONS
5.1. Simple Extensions.

Definition. An extension E/F is said to be simple if E is generated over F' by a single element.
In other words, if £ = F(«a) for some o € E. The element « is then called the primitive element
for E/F.

Example. If we adjoin v/2 to F' = Q, we get that F = Q(1/2) is a simple extension of F.

The following theorem gives us a necessary and sufficient condition for a finite extension E/F to
have a primitive element.

Theorem 24 (Steinitz). Let E//F be a finite extension. Then E/F has a primitive element iff
there are only a finite number if intermediate fields between F' and E.

Proof. (=) : Suppose E = F(«) so that it has a primitive element . Let K be an intermediate
field, so F' C K C E. Let f(z) be the minimal polynomial of o over F' and g(x) be the minimal
polynomial of o over K. Then g(x) | f(z) in K[z] C E[z]. Let K’ be the subfield of E generated
over F be the coefficients of g(x). Since g(z) € K|x], we know K’ C K, and g(x) is also the minimal
polynomial of a over K’. Now, E = F(a) = K(a) = K'(a), and (E : K) = deg(g) = (F : K').
Since K’ ¢ K C E, we have that (E: K') = (E: K)(K : K'), so (K : K') = 1. In other words,
K=K

This tells us that the intermediate fields F C K C E are generated by the coefficients of the
(monic) factors g(z) of f(z) in E[z]. Since there are only a finite number of such factors by the
divisibility theory, there can only be a finite number of intermediate fields.
(<) : Now assume there are only finitely many intermediate fields F' C K C E. If E and F' are
finite fields, then E* is a cyclic group. If « is a generator so that E* = (a), then E = F(«) and
« is a primitive element. Thus, assume that E and F' are infinite fields (if F' finite, then F must
be finite since the degree is finite, so we can rule this out, and likewise for the ridiculous claim F
finite and F' infinite). Let E' = F(aq,...,ay), which we can do since E//F is finite. We will induct
on n, the number of generators of E over F. For n = 1, we win, since a; is a primitive element.
Assume n = 2, so E = F(a, ). Consider the intermediate fields K; = F(a + t3), where t € F.
Then we have FF C K; C E.
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The goal is to show that £ = K; for some t. Since there are an infinite number of elements ¢t € F’
(since F infinite by assumption), we must have that there is a pair t; # to so that Ky, = Ky,. So
F(a+1t18) = F(a+ t2f). Notice that this implies that

(a+1t18) — (a+t2f3)
t — b

8= € Fla+10),

since (a + tof8) € F(a + t13). Notice as well that
a=(a+tf) —tp € Flat+tp).

Hence, E = F(«, 8) (the smallest field generated by these elements) must be contained in Ky,. But
K, is contained in E, so we have

ECK;y CE = E=K; =F(a+ti).

Hence, we have that a + t18 is a primitive element.
The case for n > 2 follows inductively. Assume we can show it for n — 1, then the goal is to show
that £ = F(ay,...,a,) = F(a) for some . Consider then

F(aq,...,an—1)(ap).

We have that

by the induction hypothesis, so
Flay,...,an_1,00) = Flag,...,an_1)(an) = F(a) (o) = F(d, ap).
Now, by the n = 2 case, we have that
F(d,ap) = F(a)

for some a, so we get that £ = F'(«). Thus, the extension is primitive, and has primitive element
a € E for some suitable a. O

Notice that this covers the case of Galois extensions.

Corollary 22. If E/F is a finite separable extension, then there is a primitive element for E/F.
In particular, finite Galois extensions are simple.

Proof. We have that E//F is a finite separable extension, so there is a basis wi,...,w, for E/F.
Letting fi(z) € F[z] be the minimal polynomial for w; over F', we have that

f(@) = fi(z) - fal2)

is separable. Let K be the splitting field of f(z) over F. Then we have that ¥ C F C K, and K/F
is Galois.

We now invoke the Fundamental Theorem of Finite Galois Theory (Theorem to get that the
number of intermediate fields F € K’ C K is equal to the number of subgroups H of G = Gal(K/F),
which is a finite group. So there are a finite number of intermediate fields for K/F', and since £ C K,
there are a finite number of intermediate fields for ¥ and F'. Thus, the last theorem tells us that

F has a primitive element over F', as does K. (|
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5.2. (Optional) Existence of Normal Basis. We follow Artin [2] II N. Note that the following
theorem is true for any field, thoguh we prove it only in the case where F' contains infinite elements.

Theorem 25 (Existence of Normal Basis). If E' is a normal extension of F', and o1, ..., 0, are the
elements of its group G, there is an element # € E such that the n elements o1(0),...,0,(0) are
linearly independent with respect to F.

Proof. Recall that an extension E/F' is normal if it is algebraic and every irreducible p(x) € Flz]
which has a root o € E splits completely in £. By Theorem we have that there is a a such
that £ = F(«). Let f(x) be the minimal polynomial for «, and put o;(a)) = o;. Then we set

W)
M= o))

gz( ) 2(9( )) (m_ai)f,(ai).

and

We have that g; is a polynomial in E[z] having oy, as a root for k # 4, and so in Ex]/(f(z)), we
have

gi(x)gi(x) = 0 for i # k.
Consider
91(z) + g2(x) + -+ + gn(z) —1=0.
The left side of the equation has degree at most n — 1. Thus, the number of roots is at most n — 1
unless it is identically 0; hence, if it is true for n different values, then it must be 0. Notice that

gi(ar) + g2(a1) + -+ gn(ar) = 01(g9(01)) + - - + on(g(an)).

Notice that if ¢ = k, then we have that o;(g(ax)) = gr(ax) = 1, and if ¢ # kj then o;(g(ax)) = 0.
Hence, we have
gi(a1) + ga(ar) + -+ gn(an) =1
or
g1(a1) + g2(ar) + -+ gn(a) =1 =0.
The same applies for ao, ..., a,, so we get that we must have that the left hand side is identically
zero; i.e., we have
91(2) + go(@) + - + gul) — 1= 0.
Multiplying the above by g;(z) and using the fact that g;(x)gr(x) =0 (mod f(z)), we get
(9i(2))* = gi(z) (mod f(x)).
Computing the determinant, we see that
D(z) = |ojor(g(x))| for i,k =1,...,n.

The goal is to show that D(x) # 0. Squaring it and computing its value mod f(z), we see that
from the prior discussion the determinant has 1 along the diagonal and zero elsewhere when we
look modulo f(z). Thus,

(D(z))* =1 (mod f(x)).
Now, D(x) is a polynomial which can only have a finite number of roots in F. Avoiding them, we
can find a value a for x such that D(a) # 0. Setting 6 = g(a), we have that

|oiok(0)] # 0.
Now, consider any linear relation

:El(fl(e) + -+ .TnO'n(e) = O,
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where x; € F. Applying o; to it leads to n homogeneous equations for the n unknowns x;. The
fact that |o;01(6)| = 0 implies that x; = 0, and so the theorem is established. O

5.3. (Optional) Solutions of Equations by Radicals. We briefly mentioned solutions by rad-
icals in the Preliminaries section. We elaborate on this now, following Artin [2].

Definition. If E/F is an extension of fields, we call it an extension by radicals if there exists
intermediate fields By, B, ..., B, = E and B; = B;_1(«a;), where each «; is a root of an equation
of hte form z™ —a; =0, a; € B;_1.

A polynomial f(z) in a field F' is said to be solvable by radicals if its splitting field lies in an
extension by radicals.

Unless otherwise stated, we assume that the base field has characteristic 0, and that F' contains
as many roots of unity as are needed to make the subsequent statements valid.

Note that any extension of F' by radicals can always be extended to an extension of F' by radicals
which is normal over F. So if By = By(«) is an extension by radicals, then we have that Bj is a
normal extension as well, since it contains not only «; but ey for any ni-root of unity €. Thus,
By is the splitting field of "1 — ay. If

= ] @ -ola),

O'EGal(Bl/Bo)

then f; € Bylz], and adjoining successively the roots of ™2 — g (ay) brings us to an extension of By
which is normal over F. Continuing in this way, we arrive at an extension of F by radicals which
will be normal over F'.

We recall briefly a group G is solvable if it has a sequence of subgroups

1=Gp<G1<--- <G =G
where G,,_1 < G,, and G,,/G,—1 is an abelian group for n =1,... k.

Theorem 26. Let K be the splitting field for f(x) € F[z]. The polynomial f(z) is solvable by
radicals if and only if Gal(K/F') is solvable.

Sketch of Proof. ( =) : Assume f(z) is solvable by radicals. Let E' be a normal extension of F
by radicals containing the splitting field K of f(x). Let G = Gal(E/F). For each i we have that B;
is a Kummer extension of B;_1, so the group B;/B;_; is abelian. Thus, letting Gp, = Gal(E/B,),
we get

1=Gp, <G, , <---<Gp, =G
is a normal sequence where the quotients are abelian, and hence G is solvable. Labeling Gx =
Gal(E/K), we see that G/Gx = Gal(E/F)/Gal(E/K) = Gal(K/F), so Gal(K/F') is the homo-
morphic image of a solvable group, hence solvable.
(<= : Suppose Gal(K/F) is solvable. Let E be the splitting field of f(x). Let

1=G,C---CG1 CGy=G=Gal(K/F)

be a solvable sequence. Label B; to be the fixed field associated to G;. Since G;_; is the group
Gal(E/B;_1), and the group G;_1/G; is abelian, then B; is a Kummer extension of B;_1, hence an
extension by radicals. Thus, F is an extension by radicals. O

5.4. The Algebraic Closure of a Field. The notes now shift to following Jacobson [I].

Definition. A field L is called algebraically closed if every polynomial f(z) € L[z] of degree > 1
has a root in L.

Lemma 11. Let L be an algebraically closed field.

(1) If f(x) € L[z], then f(x) splits completely into linear factors in L[z].
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(2) If F is a subfield of L, then every polynomial f(z) € F[z] has a root in L, and in fact splits
completely in L[z].

Proof. (1) Write f(z) = fi(z)--- fr(z), the product of its irreducible factors. Notice that f;(z) €
L[z] is a polynomial of degree > 1, so it has a root in L (by definition). Since f;(z) is irreducible,
it cannot be factored any further, and so it must be a linear factor. Hence, f;(z) is a linear
factor with respect to its root, so f(x) splits completely into linear factors.

(2) We have f(z) € F[z] C Liz|, so viewing it in L[x] we have that it splits completely into linear
factors by (1). Thus, it has a root in L.

O

The first basic fact towards the existence of an algebraic closure is the following.
Theorem 27. Let F be a field. Then there exists an algebraically closed field L such that F C L.

Proof. We proceed in two steps. In the first step, we construct an extension E;/F such that every
polynomial f(z) € F[x] of degree > 1 has aroot in E;. To do this, we associate to every f(x) € F|[z]
with deg(f) > 1 an indeterminate, labeled xs. Let

Si={xy: f(x) € Flz],deg(f) > 1}.
Let R = F[S] be the polynomial ring in this infinite number of variables. Let

a=(f(xy): f(x) € Flz],deg(f) = 1) C R

be an ideal generated by the f(xy).
The first claim is that a is non-trivial. If 1 € a, then there is an expression

1= glfl(l'fl) + - +gnfn(xfn)

in R, that is, with coefficients g; € R. Set x; = x, for notational simplicity. Let x,41,...,2n5 be
any remaining variables occurring in g1, ..., g,. Then we have

1=g1(z1,...,zn) fi(z1) + -+ gn(21, ... 2N) fr(zn)
in Flzy,...,2,] C R.

Now take a finite extension E’/F in which each polynomial fi(x),..., f,(z) has a root, label-
ing these ai,...,a,. Take B,11,...,0n to be any elements in E’. Then we have a non-trivial
homomorphism

T:F[wl,...,xN] — F
sending
T(z;)=a;for 1 <i<n, T(x;)=piforn+1<i<N.
The relation
L=g1f(z1) + -+ gnf(2n)
in Flzy,...,2y] becomes 1 =0 in E’ after applying this map, since

T(l) =1= T(glf(djl)) + e T(gnf(xn))
=g1(a1,...,an, Bnst1, -, Bn) flar) + -+ gnlar, ..., an, Bag1, .-, BN) flan) = 0.

This is a contradiction, so a is a non-trivial ideal of R.

Now, let m be a maximal ideal of R containing a. Consider F; = R/m. Since m is maximal, F;
is a field, and we have F' C E;. Moreover, each f(x) € F[z]| has a root in E, namely T5 = ¢+ m.

In step 2, the goal is to build our algebraically closed field L. We inductively construct a tower
of fields

F=FECFE CE,C---CE,C---
such that every polynomial g(z) € E;[x] of degree deg(g) > 1 has a root in Ej;;1.
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Let
o0
L:UE.
1=0

Then L is a field, since it is an increasing nested union of fields. The claim is that L is algebraically
closed.
Let f(z) € L[z], and write

fx) = Z aiz’,
i=0

with m = deg(f) > 1. Then there is a field in our tower, say without loss of generality Ej, such that
the coefficients ag, ..., an, € Ex. Then we have that f(z) € Ex[z], so f(z) has a root in Ex; C L.
Thus, L is algebraically closed and contains F'. O

We now have the tools to define the algebraic closure of a field.

Definition. If F is a field, then an algebraic closure of F is a field, denoted F, such that
(i) F is algebraic over F.
(ii) F is algebraically closed.
Thus, we see the following corollary.
Corollary 23. If F is a field, then F admits an algebraic closure F.
Proof. Take F' C L as in the theorem, with L algebraically closed. Set
F = {y € L:y is algebraic over F}.

There are two facts we need to show:
(1) Fis a field. If a,b € F, then F(a,b) is a finite extension of F', so

a+b,a-ba/be F(a,b) CF

and so are algebraic over F. o B
(2) F is algebraically closed. To see this, if f(xz) € F[z], then since F' C L, f(z) has a root in L.
We now write out f;

f(z) = Z a;al.
§=0

Notice this is of degree m > 1, and each a; € F, so it is algebraic over F. Then F(ag,...,am)
is a finite algebraic extension of F'. Letting £ € L be a root of f(z) = 0, then since f(x) €
F(ag,...,am)[r] C Flz], € is algebraic over F(ay,...,a;). Then the degree (F(ag, ..., am,&) :
F(ag,...,am)) < oo implies (F(ag,...,am,&) : F') < oo, which in turn implies £ is algebraic
over F, so ¢ € F by definition.

0

The goal now is to determine whether algebraic closures are unique up to isomorphism. For this,
we need an extension of a previous result extending field homomorphisms.

Theorem 28. Let F be a field, ¥ an algebraic extension of F', and ¢ : ' — L an embedding
of F into an algebraically closed field L. Then there exists an extension of ¢ to an embedding
T7:E— L.
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Proof. This is a Zorn’s lemma argument. Let
S={(K,7): FCKCFEandr7:K < L extends c}.
We have that S is non-empty, since (F,0) € S. Put a partial ordering on S via
(K,7) < (G,k) iff K C G and k|g = 7.

We now need to show that all chains are bounded. Let (Ki,71) < -+ < (K, 7,) < --- be an
increasing chain in S. Notice that we can set K = |J,, K, which is a field, and we have that
F C K C E. We can also set 7 to be the unique homomorphism such that 7|k, = 7;. Note this
is well-defined by the ordering (i.e. by inclusion). We have that (K, 7) is an upper bound of our
chain, so Zorn’s lemma says that we have a maximal element in S, denote it by (K, 7).

The claim then is that K = E. If not, we have a € E'\ K. Note that « is algebraic over F, since
E/F is algebraic, and since F' C K, we have « is algebraic over K. By prior results (Theorem 77)
we can extend 7 : K < L to 7' : K(«a) < L. Note this contradicts maximality, and so K = E. 0O

Corollary 24. Let E be an algebraic closure of F', L an algebraically closed field, and o : F' — L.
Suppose L is algebraic over o(F). Then E = L.

Proof. Let 0 : F < L. By our theorem, this extends to 7 : F' = E < L. We have that L is
algebraic over o(F'), and this implies that L is algebraic over 7(E). We have 7(E) is algebraically
closed, so L = 7(E). In other words, L = E. O

We have now the desired result.
Corollary 25. If E and E’ are both algebraic closures of F, then F = E'.
One question to ask is how large is the algebraic closure of a field?

Lemma 12. (1) If F' is infinite, then the cardinality of the algebraic closure is the same as the
field.
(2) If F is finite, the cardinality of the algebraic closure is countable.

(1) If F is infinite, we have that |F| = |F|. To see this, notice that we can write

r-ru(U U 2.

n>1deg(f)=n

where Z(f) is the set of roots f(z) = 0 in F'. Since |Z(f)] < n = deg(f) and |[{f(z) € F[z] :
deg(f) = n}| = |F"*| = |F|, where we deduce the first equality from looking at the coefficients
of the polynomial, then

Uz =IF
deg(f)=n
and so

U U zmn=IFl.

n deg(f)=n
(2) If F is finite, then the same argument gives us that |F| < |Z|, so that F is countable.

A consequence of (1) is the following.

Corollary 26. We have that Q # C.
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5.5. Separability, Normality, and Galois Extensions. The goal here is to investigate the
concepts of separability, normality, and Galois extensions in the context of infinite extensions (as
opposed to the finite results which we have discovered). Throughout, we fix a field F’ and we denote
its algebraic closure by F. If E/F is any algebraic extension, we view E C F, so that F is also the
algebraic closure of E.

We first generalize our definition of a splitting field.

Definition. Let I' = {f(z) € Flz] : deg(f) > 1} C Flz] be a collection of polynomials. An
extension F/F is called a splitting field of T if:

(1) Every f(x) € I splits completely into linear factors in E[x], and

(2) E=F({a: f(a) =0 for some f(x) € T'}).

Note that F is the splitting field of the family I' = F[z].
Zorn’s lemma lets us extend the uniqueness of splitting fields to families, as seen in the next
theorem.

Theorem 29. Let o : F — F’ be an isomorphism of fields, I' C F[z], and TV = o(T') C F'[z] the
corresponding family of polynomials over F'. If E/F is a splitting field of I and E’/F’ a splitting
field of I, then o extends to an isomorphism 7: E — E’.

The proof of this is essentially the same as Theorem so we omit it.
Definition. We define
Aut(E/F) ={0: E — E: 0 is an automorphism, o|p = idp}.

Corollary 27. If E is the splitting field (in F) of a family of monic polynomials I' C F[x] and
o € Aut(F/F), then o : T' — T and so restricts to an element of Aut(E/F).

Recall that an algebraic extension E/F is said to be normal if any irreducible polynomial f(x) €
F[z] which has a root in E splits completely into linear factors in E[x].

Lemma 13. If E is a normal extension of F', then F is a splitting field of a family T

Proof. Consider
I'p :={pa(z) € Flz] : po is the minimal polynomial in F[z] for all « € E}.

Notice that for all p, € I'g, we can view p,(x) € E[x], and we see that, since F is normal, p,(z)
splits into linear factors. Next, we need to show that

E=F{a: f(a) =0 for some f(z) € I'}).
However, this follows just from definitions. That is, this is the smallest field so that every polynomial
in F[x] splits into linear factors in E|x]. O

The next result is a converse.

Theorem 30. If E is the splitting field over F' for a set of monic polynomials I' C F[z], then E is
normal over F.

Proof. Let f(z) € F[x] be irreducible and have a root in E. In F[z], we have
n
f@) =] - a)
i=1
with @« = a3 € E. The goal is to show that for all i, a; € E. If this is the case, then f(z) splits

completely into linear factors in E[z], and so by definition F is a normal extension of F'.
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Consider E(«;). Since E is a splitting field over F' for the family I", we know that F(«;) C E(ay)
is a splitting field for the same family I". Note that a and «; have the same irreducible minimal
polynomial, f(x), so we have that

F(a) = Fla]/(f(z)) = F(a).

Thus, we have an isomorphism o : F(a) = F(a;). Since E(«) is the splitting field of I" over F(«)
and F(a;) is the splitting field of I' over F'(«;), then by Theorem [29| we see that o extends to an
isomorphism 7 : E(a) — E(q;). Since o|p = idp, we have 7|p = idp. Since F is the splitting field
over F of T' C F[z], the isomorphism 7 “stabilizes” E; in other words, 7(F) = E. Since a € F, we
have that E(a) = E, so E(«;) = 7(E(a)) = 7(F) = E. Hence, o; € E for all 1. O

We now move on to the normal closure.

Definition. Let E/F be an algebraic extension, F C E C F. Let K be the splitting field over F
of the family

I'e ={fa(z):a € E, fo(z) € Flz] the minimal polynomial of a}.
We call K the normal closure of F.

Notice a few facts about K based on the definition:

e FCK,
e K is a normal extension of F, o
e K is the smallest normal extension of F' containing £ and contained in F'.

The name “normal closure” makes sense based off of these.
Definition. An algebraic extension E/F is called Galois if E' is normal and separable over F'.

Note here that E/F is allowed to be an infinite extension. If F/F' is a finite extension, then this
recovers the definition of Galois from before (see Theorem [12]). Note as well that the definition
of separability doesn’t care whether the extension is finite or infinite.

If E/F is a Galois extension, then we set

Gal(E/F) := Aut(E/F) = {o € Aut(F) : o|p = idr}.
As before, we get the following result.
Proposition 4. Let E/F be a Galois extension and G := Gal(E/F). Then F = E©.

Proof. Let E/F be Galois. By definition, F C E“. Suppose that E€ # F, so that there is some
a € B¢\ F. We can view F C E C F, since E is algebraic over F, so a € F. Since E/F is
separable, we have that the minimal polynomial for «, denoted p, € F|x], is also separable. In
F[z], we have that it splits;

Pa(®) = (x —01) - (z — ar)

where we set a; = a. Since F(a) = F[x]/(pa(x)) & F(az) C F, we get an embedding
o:Fla) = F

such that o(a) = ae # a (the # comes from the fact that p, is separable).

Since E/F is algebraic, then by Theorem We have that o extends to an embedding 7 : E — F,
again with 7(a) = as. Since E/F is a normal extension, it is the splitting field of some family
I' C Fz] by Lemma and the corollary of uniqueness of splitting fields (Corollary gives
T(F) = Ej; that is, 7 € G = Gal(E/F). But 7(a) = o(a) = az # «. So we have an element 7 € G
which does not fix «, contradicting o € E€. O
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6. INFINITE GALOIS THEORY

The Galois theory of infinite algebraic extensions is due to Krull. Krull constructs the Galois
group of an infinite algebraic extension as a profinite group, and the topology of the Galois group
plays a definitive role. So we need to start by exploring topological groups.

6.1. Topological Groups.

Definition. A topological group is a group G with a topology such that the maps

G x G — G given by (z,y) — = -y,

G — G given by = +— 271

are continuous. In other words, multiplication and inversion are continuous.
We list some common facts about topological groups.
Lemma 14. Any open subgroup H of a topological group G is also closed.

Proof. We begin by writing G in terms of its coset decomposition; so we have

G:|_|gH.

Note that we have that the map 6, : G — G given by 04(x) = gx is a homeomorphism; it is
continuous (since multiplication is continuous), it is invertible (with inverse given by €,-1), and its
inverse is continuous. To see the last remark, note that

Oy-1(z) =g 'z = (a"1g) ",
so it is the composition of the inverse map, along with multiplication on the right, along with the
inverse map again, so it is continuous. Hence, 0, is a homeomorphism, so in particular an open
map. Thus, gH = 04(H) is an open set for each g. Thus, we can realize H as

H=G\| |gH;
g#e
by what we’ve shown, this is the complement of an open set, hence closed. [l

Lemma 15. Any closed subgroup of H of finite index is also open.

Proof. Since it is finite index, we have that
n
i=1

By what we’ve shown, we know that g; H is a closed set for all ¢. Without loss of generality, assume
g1 = e. Then we get that

n n
G\| |g:H = ((gH) =H
i=2 i=1
This is a finite intersection of open sets, hence open. Thus, H is also open. ]
Lemma 16. Let H,U be subgroups of GG, and assume that U is open. If U C H, then H is open.
Proof. We write H in terms of its coset decomposition with respect to U. So we have
H=| |nU.

Multiplication by h € H C G is a homeomorphism, so H is an arbitrary union of open sets, hence
open. ]
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Let G be a topological group with identity e. We claim that e has a fundamental system of
neighborhoods R = %R(e) which satisfies the following:

(1) ForallU e R, e U.

(2) If Uy,U; € R, then U NU3 € fA.

(3) For all U € R, there exists W € R such that W -W C U.

(4) ForallU e R, Ut e R.

(5) For all U € R, there exists W € R such that W C gUg™! € .

Remark. If a group G possesses a set R of subsets of GG satisfying these properties, then G can be
givne the structure of a topological group with R a fundamental system of neighborhoods of e.

If ¢ € G, then a fundamental system of neighborhoods of g are the gU with U € R. In other
words, we get
R(g) = {gU : U € R(e)}.

So we translate around the fundamental system of neighborhoods.

6.2. Galois Groups. Let E/F be a Galois extension. Thus, E is a separable, normal, algebraic
extension of F'. Let G = Gal(E/F). Let

R:={K,: F CK) C FE with K,/F a finite Galois extension}

with parameter set A € A. For each K), F/K, is still a Galois extension, and if we set Ny =
Gal(E/K)), then N, is a normal subgroup of G and Gal(K)/F') = G/Nj. The argument for both
of these claims is the same as for finite Galois theory.

Let R = {N) = Gal(E/K)) : A € A}.

Proposition 5. We have that R can be taken as a fundamental system of neighborhoods of e for
a topology on G.

Proof. We verify the properties.

(1) It is clear that e € Ny for all A.

(2) If Ny, N, € R, then we claim that there is a N, so that Ny NN, = N, € R. To see this,
let K, = K) - K, be the composite field. Then we have that K,/F is finite Galois, and
N, = Gal(E/K,) = NxN N,

(3) For all N\ € R, there exists an N, such that N, C N, C Ny (to see this, let N, = Ny).

(4) For all Ny € R, there exists an N, so that Nu_l = N, (to see this, take N, = Ny).

(5) For all N) € R and o € G, there exists N, such that oN,0~' = N, (NN, is normal, so take
N, = N,).

]

Using our remark, we get a topology on G = Gal(E/F), called the Krull topology. We now list
some basic facts on the Krull topology.

Lemma 17. The Krull topology is Ty; that is, given o, 7 € G with ¢ # 7, there exists a neighbor-
hood V of o such that 7 ¢ V.

Proof. We remark that, since £ = (J, Ky, {e} = (], Nx. We can then shift this around to get
{o} = )y oN,. Hence, there exist a A such that 7 ¢ 0Ny (since otherwise it would be in this
intersection). Take V = o N, and we have the desired result. O

Remark. Since 0Ny is both open and closed, we get that G is totally disconnected.

Lemma 18. The Krull topology on G is Hausdorff.
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Proof. Take o,7 € G, 0 # 7. Since these are distinct, there exists a finite Galois extension K/F
such that o|gx # 7|x. Let K = K). We have that o(NNy) # 7(Vy); since these are distinct cosets
of Ny in G, we get that cNy N TNy = &. O

Lemma 19. For all o € G, {0} is closed.

Proof. All of the Ny are both open and closed. The fact that they are open follows by construction
of the Krull topology, and the fact that they are closed follows since they have finite index in G.
Now,

{o} =(o M,
A

so it is an arbitrary intersection of closed sets; hence, it is closed. U
Lemma 20. If E/F is finite, then the Krull topology is the discrete topology.

Proof. Apriori, we have that singleton sets are closed, so it suffices to show that they are open.
But since the extension is finite, we can use Lemma to get that these are also open. Hence,
singletons are open and closed, so the topology is discrete. O

We now characterize the open subgroups of the Galois group.

Proposition 6. Let G = Gal(E/F), equipped with the Krull topology. Then H C G is an open
subgroup iff there exists F' C K C E with (K : F') < oo such that H = Gal(E/K).

Proof. (=) : Suppose H is an open subgroup of G. H is a subgroup, so e € H, and hence there
exists a A € A such that Ny € H. Thus, (G: H) < (G : N)) < co. Now, Ny = Gal(E/K)) is a
normal subgroup of G, so we have Gal(K)/F) = G/N, is finite and H/N) C G/Ny. By the finite
Galois correspondence, there is an intermediate field F' C K C K so that Gal(K,/H) = H/N.
Thus, H = Gal(E/K).

(<= ): If K/F is finite, we have that K is separable over F'. This follows since K C E and E is
separable. Let L be the normal closure of K. Then L/F is finite Galois, so L = K for some .
Hence, Ny C H. Since H C G and N, is open, we have that H is open by Lemma ]

The next goal is to characterize the closed subgroups of the Galois group.

Proposition 7. Let G = Gal(E/F) with the Krull topology. Then H is a closed subgroup of G
iff there exists a collection {U, : @ € A} of open subgroups such that H = (), Us.

Before proving this, we have a useful lemma.
Lemma 21. Let H be any subgroup of G. Then its closure H is given by
F:ﬂﬂm.
A

Proof. By definition of the closure, we have that ¢ € H iff for all A € A, oN\ N H # @. Now, if
oNy N H, then we have that there is an ny € Ny so that ony = h) € H; ie., 0 = hAngl. But if
o= hAngl, then this implies that o € HN, 1 — HN,. This is true for all A, so combining these all
together, we have
ceH < o¢ ﬂ HN,.
A
Hence, H =), HN,. O

We now have the ingredients to prove the proposition.
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Proof of proposition. ( = ) Assuming that H is a closed subgroup of G, we get that H = H =
(x HN). Notice that HN) = UheH hNy, hence each H N is open. Since N, is a normal subgroup,
H N, is a subgroup of GG, so HN) is an open subgroup of G. Hence, take Uy = HN) and A = A.

(<= ): If H =(),Ua, then since each U, is an open subgroup, U, is also a closed subgroup,
finishing the proof. g

A consequence of this is the following.
Corollary 28. Let F' C K C E be any intermediate field. Then Gal(E/K) is closed in Gal(E/F).
Proof. This follows by the observation that
Gal(E/K) = (] Gal(E/F(a))
acK

and the fact that (F(a) : F') < oco. The first proposition gives us that these are open, and the
second proposition tells us that Gal(E/K) is closed. O

TODO: FINISH WEEK14 NOTES
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