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Abstract. Given a closed surface with negative curvature, any closed curve on the surface which is
not null-homotopic can be continuously deformed to a unique closed geodesic. The marked length
spectrum is a function which takes a closed curve and returns the length of the corresponding
geodesic. It was shown by Guillemin and Kazhdan that if two negatively curved metrics on a closed
surface can be connected by a path of negatively curved metrics along which the marked length
spectrum is constant, then the metrics are isometric. In this talk, I will present a generalization of
this theorem to the setting of magnetic flows on a closed surface with negative magnetic curvature.

Let pM, gq be a closed Riemannian manifold. Given a closed two form σ P Ω2pMq, we say that
a smooth curve γ is a magnetic geodesic if it satisfies the differential equation

∇ 9γ 9γ “ Ωp 9γq,

where Ω : TM Ñ TM is the Lorentz operator associated to σ:

gpv,Ωpwqq “ σpv, wq.

We denote the magnetic flow on TM by φσ
t : TM Ñ TM . Magnetic flows have a rich history in

dynamical systems, dating back to Anosov and Sinai in the 60’s. Recent interest in these dynamical
systems comes from their relation to geodesic flows. By setting σ ” 0, we recover the geodesic flow,
but we see that varying σ gives rise to Hamiltonian flows which have different behavior compared
to the geodesic flow. One easy way to see this difference is in reversibility of the system – the
geodesic flow is reversible, in the sense that if γ is a geodesic then t ÞÑ γp´tq is also a geodesic.
However, this is not true in general for magnetic systems.

Even with these differences, a remarkable number of results that hold for geodesic flows also
hold for magnetic flows after appropriate adjustments. For example, if M is an orientable surface,
then one can derive the magnetic Jacobi equation along a unit speed magnetic geodesic 9γ relative
to the frame t 9γ, 9γKu. Recall that if M is a surface then we have σ “ bVol; we call b the magnetic
intensity of the system. If we have a Jacobi field Jptq “ x 9γptq ` y 9γKptq, then one can derive

#

x2ptq “ pybq1

y2ptq ` pKgptq ´ dbp 9γKq ` b2qy “ 0,

where Kg is the Gaussian curvature. Writing Kg,bpx, vq “ Kgpxq ´ dbpvKq ` b2pxq and calling this
the magnetic curvature, we have that this term plays a role similar to the curvature term in
Riemannian geometry. One similarity is that if Kg,b ă 0, then the flow on the unit tangent bundle
φσ
t : SgM Ñ SgM is Anosov, meaning there is a splitting of the tangent bundle of the unit tangent

bundle Tpx,vqS
gM “ Espx, vq ‘ RF px, vq ‘ Eupx, vq such that

(1) F px, vq “ d
dt

ˇ

ˇ

t“0
φσ
t px, vq ‰ t0u,

(2) there exists C, λ ą 0 so that for every ξs P Espx, vq, ξu P Eupx, vq, and t ě 0 we have

}dφσ
t pξsq} ď Ce´λt}ξs} and }dφσ

´tpξ
uq} ď Ce´λt}ξu}.
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The goal of today’s talk is to discuss a generalization of Guillemin and Kazhdan’s isospectral
rigidity result on surfaces. It is well-known that for a closed manifold pM, gq if the sectional
curvature is negative, then in every non-trivial free homotopy class there exists a unique closed
geodesic. The marked length spectrum is the function MLSg on the space of free homotopy
classes which returns the length of the unique closed geodesic in the free homotopy class. It was
conjectured by Burns and Katok in the mid 80’s that this function determines the geometry of the
the manifold, in the sense that MLSg “ MLSg1 if and only if g and g1 are isometric. This conjecture
was motivated partially by the deformative case, which was proved by Guillemin and Kazhdan in
1980.

Theorem 1 (Guillemin and Kazhdan, ‘80). Let M be a closed orientable surface, and let tgsu be
a smooth family of metrics on M such that Kgs ă 0 for each s. If MLSgs “ MLSg0 for every s,
then there exist a smooth family of diffeomorphisms fs : M Ñ M such that f˚

s pgsq “ g0.

We’ll briefly mention some of the history behind this conjecture.

‚ In ‘90, Croke and Otal (seperately) solved the conjecture in the case where M is a surface.
‚ In the late ‘90’s, Besson-Courtois-Gallot and Ursula showed the conjecture holds if the
manifold is locally symmetric.

‚ Recently, Guillarmou and Lefeuvre showed the conjecture holds if the metrics are “close”
(where close is with respect to some fine topology).

In full generality, the conjecture is still open.
If one assumes that M is a surface and Kg,b ă 0 everywhere, then we still have that inside

of every non-trivial free homotopy class there is a unique closed magnetic geodesic. With this in
mind, we define the marked length spectrum function in the same way, and we can ask the same
question as Burns and Katok – namely, if MLSg,b “ MLSg1,b1 , does this imply the existence of a
diffeomorphism f : M Ñ M such that f˚pg1q “ g and f˚pb1q “ b? Some results are known in this
direction – for example, Grognet in the ‘90’s showed that MLSg,b “ MLSg1,0 if and only if g and g1

are isometric and b ” 0. Beyond this, however, not much has been explored. Recently, I discovered
that you can generalize Guillemin and Kazhdan to the magnetic scenario.

Theorem 2 (Marshall Reber, ‘22). Let M be a closed oriented surface, and let tpgs, bsqu be a
smooth family of magnetic systems on M such that Kgs,bs ă 0 for each s. If MLSgs,bs “ MLSg0,b0
for every s, then there exists a smooth family of diffeomorphisms fs : M Ñ M such that f˚

s pgsq “ g0
and f˚

s pbsq “ b0.

The proof of this is somewhat technical, but I’ll discuss the steps that go into it. First, let

Hspx, vq :“
1

2
gspv, vq, βs :“

d

ds
Hs.

The idea is to show that there is a 1-form δs such that, if Xs is the infinitesmal generator of the
geodesic flow for the metric gs, then Xspδsq “ βs. Let Zs be the vector field dual to δs, that is,

gspZspxq, vq “ δspvq for px, vq P TM.

Notice this gives us a time-dependent vector field Zs. Observe that given px, vq P TM and γv the
corresponding geodesic for px, vq, we have

d

ds
Hspvq “ βspv, vq “ Xspδsqpvq “

d

dt

ˇ

ˇ

ˇ

t“0
δsp 9γvptqq “

d

dt

ˇ

ˇ

ˇ

t“0
gspZspγptqq, 9γptqq “ gsp∇vZspxq, vq.

Next, using ODE’s, we can solve the differential equation

d

ds
fsppq “ Zspfsppqq, f0ppq “ p
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in order to find a smooth family of diffeomorphisms fs : M Ñ M . Consider the metrics g1
s :“ f˚

s pg0q

and let

H 1
spx, vq :“

1

2
g1
spv, vq, β1

s :“
d

ds
H 1

s.

For px, vq P TM and γv the corresponding geodesic for px, vq, we have

d

ds
H 1

spvq “
1

2

d

ds
g0pdfspvq, dfspvqq “

1

2

d

ds
g0

ˆ

d

dt

ˇ

ˇ

ˇ

t“0
fs ˝ γvptq,

d

dt

ˇ

ˇ

ˇ

t“0
fs ˝ γvptq

˙

“ g0

ˆ

∇d{ds
d

dt

ˇ

ˇ

ˇ

t“0
fs ˝ γvptq,

d

dt

ˇ

ˇ

ˇ

t“0
fs ˝ γvptq

˙

“ g0p∇dfspvqZspfpxqq, dfspvqq

“ g1
sp∇vZspxq, vq.

Thus we see Hs and H 1
s both satisfy the same differential equation with H0 “ H 1

0. As a result, they
must be equal, so after a polarization argument we have that gs “ f˚

s pgsq.
The missing ingredient in the above is showing the existence of the 1-form. This is crucial for

Guillemin and Kazhdan, and they prove this using a Fourier analysis argument. We can adopt the
same framework for the magnetic setting with some alterations. Fixing a magnetic system pg, bq,
let tX,XK, V u be Cartan’s moving frame on SgM . Recall that X is the infinitesmal generator
of the geodesic flow, while V is the infinitesmal generator of the rotation flow. Using Stone’s
theorem, we can consider an operator ´iV on L2pSgM,Cq which is densely defined. We consider
the decomposition with respect to this operator:

L2pSgM,Cq “
à

k

Hk, where Hk :“ tf P L2pSgM,Cq | ´ iV f “ kfu.

Every f P L2pSgM,Cq can be expressed as

f “
ÿ

k

fk where fk P Hk.

We’ll be focused on the smooth function case, so we’ll let Ωk “ Hk X C8pSgM,Cq and study
function with respect to this decomposition. I showed in the same paper that we have the following
“magnetic Carleman estimate.”

Theorem 3 (Marshall Reber, ‘22). Assume that pg, bq generates a magnetic flow with infinitesmal
generator F . Let u P C8pSgM,Cq have finite degree. If ´2b ď Kg,b ď ´2a ă 0 for some a, b ą 0,
then for every σ ą 0 there is a sequence of real numbers pγkq such that for any N ě 1 we have

8
ÿ

|k|ěN

γ2k}uk}2 ď
2

aeσ

8
ÿ

|k|ěN`1

γ2k}pFuqk}2.

Remark 1. Observe that one difference between this and the usual Carleman estimate is that we
have to assume that u has finite degree. Much of the technical details are devoted to fighting this
issue.

Now, the family tβsu are functions living in C8pSgM,Cq, and so can be written in terms of
their Fourier components. In particular, it is not too hard to see that, since βs can be viewed as a
real-valued symmetric 2-tensor, we have that βs has degree 2 and can be written as

βs “ βs
´2 ` βs

0 ` βs
2, where βs

´2 “ βs
2.

The trick here is to show that
ż

γ
βs “ 0 for every magnetic geodesic γs for the system pgs, bsq.
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Once we have this, the smooth Livshits theorem applies and gives us a smooth function us with
Fspusq “ βs. Using the magnetic Carleman estimate above, it is clear that us must have degree
one less than βs, so we can write

us “ us´1 ` us0 ` us1.

In fact, let

η˘
s :“

Xs ¯ iXK
s

2
.

Using the equations for Cartan’s moving frame, we have that η` raises degree while η´ lowers
degree. It’s not hard to see with this set up that for δs “ us´1 ` us1 we have

Xspusq “ βs.

Finally, it is not hard to show that us is a 1-form using either differential equations or by direct
computation, and this completes the sketch of the proof of the existence of a smooth family of
isometries tfsu with f˚

s pg0q “ gs.
The next challenge is to show that these isometries are the “right ones,” in the sense that

f˚
s pb0q “ bs. To do this, we simply conjugate by the diffeomorphisms to fix the metric and consider
the case where only the intensities are varying. We can derive the following “non-homgeneous
Jacobi equation” for the variation along a given magnetic geodesic γ for the system pg0, b0q:

:y ` Kg,by “
d

ds

ˇ

ˇ

ˇ

s“0
bs, 9x “ by,

where the variational field associated to the systems is given by Sptq “ xptq 9γptq ` yptq 9γKptq. It’s
not hard to see that this can be generalized to a vector field on SgM , so x and y can be considered
as smooth functions on SgM . Using the magnetic Carleman estimates, one can show that y and
Fy has finite degree, and in particular we deduce that y is constant and by ” 0. Either b ” 0,
which we conclude that bs ” 0 identically as geodesics are the unique length minimizers in their free
homotopy class, or bpxq “ 0 for some x P M and thus y “ 0. This lets us conclude the derivative
at s “ 0 is zero, but the choice of s “ 0 was arbitrary.

The question now is whether or not this result can be generalized globally. So far, we can say
the following. It seems very likely that it can be generalized, but this is an ongoing project with
Jacopo de Simoi, Valerio Assenza, and Ivo Terek.
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