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Motivation

Motivating Question

Preforming a random walk on some graph, how long does it take until you
are “sufficiently random?”

Theorem (Diaconis, Bayer '92)

If you riffle shuffle a deck of size n, it takes approximately %Iog2(n)
shuffles until the deck is “sufficiently random.”
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Graph Theory

We define a graph to be a tuple G = (V, E) such that V is a collection of
objects called vertices and E C V x V is a collection of pairs called edges.

V ={1,2,3}, E = {(1,2),(2,3)}.
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Graph Theory

We define the degree of a vertex to be the number of neighbors, or
vertices which are connected by an edge, the vertex has. This is generally
denoted by deg(x).

A graph is said to be n-regular if the degree of all the vertices is n.
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Graph Theory

V ={1,2,3}, E = {(1,2),(2,3)}.

We see deg(2) = 2, deg(1) =1, and deg(3) = 1. This is therefore not
regular.
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Markov Chains

Markov Property and Markov Chain

A Markov Chain is a series of random variables (Xp, X1,...) on a
common state space 2 satisfying the Markov Property:

P{Xn = Xn ‘ Xo=x0,.+-y Xn-1= Xn—l} = P{Xn = Xn ’ Xn—1 = Xn—l}-

Transition Matrix

We can model Markov Chains using a transition matrix, which is a
matrix with entries

P(x,y) =P{Xs =y | Xp-1 = x}
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This Markov chain has transition matrix

0 1
p_ 0 0.1 0.9
! 0.75 0.25
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We say our Markov Chain is irreducible if there exists a t > 0 for all
x,y € Q such that

P*(x,y) > 0.

We say that our Markov Chain is aperiodic if
ged{t > 1| P'(x,x) >0} =1

for all x € Q.
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Markov Chains

Stationary Distribution

If our Markov chain is irreducible, then we have that there exists a unique
distribution 7 such that

TP = .

We call such a distribution a stationary distribution.

Limiting Distribution

We call a distribution 7 a limiting distribution if

lim Pi(x,y) = #(y).

t—o00

If our Markov chain is aperiodic and irreducible, then we have that the
stationary distribution 7 is the limiting distribution 7.
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Markov Chains

This Markov chain has transition matrix

0 1

P—O 0.1 0.9
“ 1| 0.75 0.25

Notice that this is aperiodic and irreducible, and so we have a stationary
distribution. The stationary distribution is

m=[ 1
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Markov Chains

Simple Random Walk

Given some graph G, we can define a simple random walk on G to be a
Markov chain with state space V' and transition matrix

P(X y) _ ﬁ(x) if x and y are neighbors,
7 0 otherwise.

Lazy Random Walk

Given some graph G, we can define a lazy random walk on G to be a
Markov chain with state space V and transition matrix

1

5 |f xX=y,
P(x,y) = 2deg(x) if x and y are neighbors,
0 otherwise.

July 24, 2018 11 /28



Mixing Times

Total Variation Distance

We define the total variation distance between two probability
distributions 1 and v on a common state space €2 to be

— = A) —v(A)|.
lee = vllry = maxjp(a) = v(4)]
In particular, we care about

d(t) :=|P"(x,") = ()l v

We define the mixing time of a Markov chain to be

tmix(€) := min{t | d(t) < €}.
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Coupling

Markovian Coupling of Markov Chains

We define a Markovian coupling of two Markov chains (X;) and (Y;)
with common state space € and transition matrix P to be the Markov
chain (X, Y3)2, over Q x €, with the addendum that

P{Xiy1=x"| Xe =x,Ye =y} = P(x,x)

and
P{Yt+1 :y’ | Xe =X, Yt :)/} = P(%y/)-

We will also require that X; = Y5 for some s implies X; = Y; for all t > s.
A coupling is not a required to be Markovian (and it may not even be the
optimal coupling), but in general we want it to be.
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Coupling

Let

T:=min{t | Xs = Y; for all s > t}.

If (X¢) and (Y%) evolve according to a coupling, then we have

d(t) < max |[P'(x,-) = PX(y,)ll7v
X,y €Q

< max P{Tr>t| Xo=x,Yo=y}
x,y€Q

E(7 )QIZAX Yb::y
Y
< max )
x,y€Q t
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Let

T:=min{t | Xs = Y; for all s > t}.

If (X¢) and (Y:) evolve according to a coupling, then we have

d(t) < max [|P(x,-) = P(y,)ll7v
X,y €Q

< max P{r >t | Xo=x,Yo=y}
X,y €Q

S max E(TlX():X,Y():y)
X,y €Q t
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Let

T:=min{t | Xs = Y; for all s > t}.

If (X¢) and (Y:) evolve according to a coupling, then we have

d(t) < max [[P*(x,-) = P*(y,)ll7v
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Coupling

Example

S
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o/
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Coupling

If we measure the clockwise distance between the two walkers, this
coupling gives us a new Markov chain on {0,1,..., n} to study.

- 0.5 0.5 0.5 0.5 -
OO OWR oW OWFo
0.5 0.5 0.5

This gives us
n? n?
< — g < —
d(t) = 4t ? tmlx(f) = Ze
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3-Regular Graphs

GP(n,k)
Below is an example of GP(6, 2).

Notice that if we imagined a cycle on the inside, the nodes which are the
same color would be distance 2 away from eachother.
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3-Regular Graphs

Results (Marshall Reber & White ‘18)

Using coupling, we were able to determine that for Mobius ladder graphs
and prism graphs with n vertices, the mixing time for a (slightly modified)
lazy random walk is bounded by

3n° 6
t, ix S )
m (6) 16¢ + €

and for the generalized Petersen graph GP(n, k), the mixing time of the
(slightly modified) lazy random walk is bounded by

i< 3 (Y718
A =g 2¢ \ || €’

where |k| = n/ gcd(n, k).
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3-Regular Graphs

Sketch of Proof (Prism Graph)

Couple based on inner cycle versus outer cycle.
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3-Regular Graphs

Sketch of Proof (Prism Graph)

The coupling now shifts the problem to the random walk on the cycle,
with increased probability of staying in place.

2/3 2/3 2/3 2/3 2/3
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3-Regular Graphs

Sketch of Proof (Mobius Ladder Graph)

Ay
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3-Regular Graphs

Sketch of Proof (Mobius Ladder Graph)
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3-Regular Graphs

Sketch of Proof (Mobius Ladder Graph)

Once on the same cycle, we can shift back to this Markov chain. We
combine the results to find that the bound is the same as before.

2/3
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By “triangulating” a 3-regular graph, we mean replace each vertex with a

complete graph of size 3.

C
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By “triangulating” a 3-regular graph, we mean replace each vertex with a

complete graph of size 3.
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3-Regular Graphs
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3-Regular Graphs

Results (Marshall Reber & White ‘18)

We found that when you triangulate the Mobius ladder graphs and prism
graphs with n vertices, your bound transforms into

. .()<15n2+87
mix{€) = 16¢ B¢’

For the generalized Petersen graph GP(n, k), it transforms into

) < K 35 ( 0 )E 9 (nY 9, 108
ST 2¢ \ | k| e \ | k| € €’

where |k| = n/ ged(n, k).
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» Can we generalize this result to all vertex transitive 3-regular graphs?

» Can we extend it to all 3-regular graphs?
» Are the bounds we found above tight, or can we improve them?

» Does a similar result apply to lower bounds on these mixing times?
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